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Abstract 

The N-point amplitudes for the Type II and Heterotic superstrings at two-loop 
order and for < 4 massless NS bosons are evaluated explicitly from first principles, 
using the method of projection onto super period matrices introduced and developed 
in the first five papers of this series. The gauge-dependent corrections to the vertex 
operators, identified in paper V, are carefully taken into account, and the crucial 
counterterms which are Dolbeault exact in one insertion point and de Rham closed in 
the remaining points are constructed explicitly. This procedure maintains gauge slice 
independence at every stage of the evaluation. Analysis of the resulting amplitudes 
demonstrates, from first principles, that for A < 3, no two-loop corrections occur, 
while for A = 4, no two- loop corrections to the low energy effective action occur for 

terms in the Type II superstrings, and for F^, F'^F'^, F^R^, and R'^ terms in the 
Heterotic strings. 
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1 Introduction 



The gauge fixing procedure of [H El El E! , based on tlie projection of supergeometries to 
their super period matrices, has produced a gauge shce independent chiral superstring 
measure^. For the A^-point function, the same procedure apphes, after insertion of the 
corresponding vertex operators. As shown in 0, the procedure produces readily gauge 
shce independent A^-point functions, provided some important subtleties in the vertex 
operators are treated with proper care. In the present paper, we work it out explicitly 
for the A^-point function for A^ < 4 and massless NS bosons, for both the Type II and 
Heterotic superstrings. The resulting formulas exhibit clearly the mechanism by which 
all dependence on gauge slice choices cancels. Central to this mechanism is a new scalar 
function A{z), resulting from the subtleties in the vertex operators. 

The A^-point functions for A^ < 4 and massless bosons to higher loop orders have 
been considered by many authors over the years. In the earlier literature dating from 
the 1980's on multi-loops [3 El 13 CD]; (more extensive bibliographies were given in |2l 
ITTj ) and specifically 2-loop O UHl IHl EH] amplitudes, the gauge-fixing procedure was 
known to suffer from ambiguities, that is, the gauge-fixed amplitudes ended up being 
gauge slice dependent [3 HE]. In retrospect, we know now that an ill-defined projection 
from supergeometries to their standard period matrices was implicitly used. More recently, 
Zheng, Wu, and Zhu [T21|THllini have taken up anew the evaluation of the A^-point function 
for A^ < 4, using this time the gauge slice independent superstring measure of jTJ El El 
13]. However, the ensuing subtleties in the vertex operators were not taken into account, 
and the gauge slice independence of the amplitudes was again broken along the way. 
In particular, a gauge-fixed formula was found which remained dependent on the gauge 
slice chosen. A final gauge invariant formula could only be obtained after certain ad hoc 
remedies. Although for the 4-point function, the correct answer (see fll.20|) below) can 
be recovered in this way, this may not be the case for other amplitudes, and we need a 
reliable evaluation procedure insuring gauge slice independence. 

As explained in (Hj, the subtleties with vertex operators come from the following two 
interrelated sources. First, to insure covariance under local worldsheet supersymmetry, 
the naive (un-integrated) vertex operator V*-°^(-2, e, /c) for emission of the supergraviton 



multiplet 



(1.1) 



has to be completed into the following vertex operator V{z, e, k) 



V{z, e, k) = V(°) {z, e, k) + V^'^ {z, e, k) + V^'^ {z, e, k) 



(1.2) 



survey is given in 
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with the corrections V*^^-* and V*-^-* incorporating the chiral volume element on the (super) 
worldsheet and the Beltrami differential /Xg^ for the deformation of complex structure from 
period matrix Qjj to super period matrix flu 

V^^\z,e,k) = -e^fi-/dz{d,x''+-ik''i)'i^l){z)e'^-''+^'\ (1.3) 

Second, even though the (x+, ■?/'+) -correlation functions (Dili V(-2i, e^, /cj)) are chiral (in 
the sense of depending only on Zi, Cljj and Xz^ and not on the conjugates Zi, and 
Xz~), they are not holomorphic with respect to the complex structure defined by the super 
period matrix djj- This is most readily seen from the fact that the corrections V*^^-* and 
are (0, l)-forms. On (0, l)-forms, the derivative Vz requires a connection, and thus 
the condition Vj0 = does not provide an appropriate notion of holomorphicity. The 
appearance of these non-trivial (0, l)-components is a major difficulty in descending from 
superholomorphic correlation functions on the super worldsheet to holomorphic correlation 
functions on the worldsheet itself. 



1.1 Chiral and Holomorphic Superstring Amplitudes 

The key to the solution is to show that all terms from (IliLi V(zj, e^, fcj)) which are not 
(l,0)-forms in each insertion point Zi, can be grouped into terms which are Dolbeault 
9-exact differentials in one insertion point, and de Rham (i-closed forms in all the other 
insertion points (see jSI, eq.(1.12)). This can be done for each even spin structure on the 
worldsheet ^20j. However, the process is quite involved in practical calculations. If we are 
concerned solely with the final GSO-projected superstring amplitude, only a sum over spin 
structures is needed. In the unitary gauge, where the supports qa of the gravitino slice 
x{z) = J2a=i C"'^(-25 la) are chosen to be the zeroes of a certain holomorphic (1, 0)-form zu, 

w{q^) = 0, a = 1,2, (1.4) 

the sum over spin structures simplifies considerably if < 4, and the process of identify- 
ing the Dolbeault 9-exact forms becomes much more transparent. In the present paper, 
we shall restrict ourselves to this case. The gauge slice independence of the amplitudes 
corresponds then to the independence from the choice of fi^^ and points Qa, or equivalently, 
from the choice of fiz^ and holomorphic form -^17(2;). 

To describe our results more precisely, we recall that the chiral superstring measure 
determined in El El llj is given by 

dfio[6m+eedfi2[5m, (i.s) 



3 



with (to simplify the notation, in accord with previous practice, we denote Qjj simply by 
Qij after the deformation of complex structures has already been carried out) 

d^ioism = z[6] n^^/j, 
i<j 

^^^^^^^^^ - 16n^^,o{n) ^ 
and the chiral partition function Z[6] is given by, 

detuiujjipa) 

Here C° are the odd supermoduli parameters, Pa, 1 < o < 3, are arbitrary points of 
which the measure is manifestly independent, and Q'a, 1 < a < 2, are arbitrary points at 
which the gravitino gauge slice Xz~^ = J2a=i C^^i^: Qa) is supported. As indicated above, 
in this paper, we choose the g^'s to be the zeroes of a holomorphic 1-form w{z). The spin 
structure is denoted by 5, and uji{z) are a canonical basis of holomorphic (l,0)-forms. In 
jH], it was shown that the chiral amplitude for the A^-point function is given by 

B[5\ = B[S\^''^ + B[6p 

\ i=i ' 

B[5p = dfio[6]Jd\{y, + y, + y; + y, + y,) 

The Pi are the internal loop momenta, and Q{pi) is the insertion required by chiral splitting 



1=1 

a. 



Qipj) = exp |zrf dzd^x^^z)^ (1.9) 

The fields x+ are effective chiral bosons, with propagator {x':l{z)x':^{z)) = — 6'^'^ In E{z,w), 
where E{z, w) is the prime form. The precise formulas for 3^i, ■ ■ ■ , 3^5 are given in section 
§2. In essence, is the familiar term corresponding to the naive vertex operator V^^-*, 3^2 is 
due to the deformation of complex structures, and 3^3, y^, y^ are due to the corrections V*-^-' 
and V*-^-* in the vertex operators. We note that both dn2[5] as well as all the ykS depend 
on the get's. Henceforth, we shall suppress the measure Y\i<jdQjj from our notation since 
it appears as a common factor in all our formulas. 

The GSO projection introduces a unique set of phases for the summation over spin 
structures, which were shown in j3] to all be equal to 1. Thus we consider the sums 
J25B[5]^^^ and Y.sBlS^'''^ For the component, the gauge slice independence as 

well as the holomorphicity is manifest. In jB], we have seen that, although this gauge 
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slice independence and holomorphicity does not hold for it will hold for a certain 

holomorphic component of which is all that matters. Here we shall exhibit this 

phenomenon explicitly for the sum over spin structures J25 B[d]^'^\ Let E be the worldsheet, 
and let 

r^^(E)=Ti^;o(E)®ro^;i(E) (1.10) 

denote the space of 1-forms in Zi on E, decomposed into (1,0) and (0,1) forms. For 
gravitino slices supported at qi and q2, the Beltrami differential p, which deforms the 
period matrix flu to the super period matrix Cljj is of the form jlg^ = Ss{qi,q2) fJ.{z). 
A first important observation is that fi{z) w{z) is a (0, 1) form which pairs to against 
any holomorphic differential (see section §4). Thus the function A.[z) defined (up to an 
additive constant) by 

d,K{z)^tx{z)w{z), (1.11) 

is single- valued and smooth if // is chosen to be smooth. Now both and ^[5]^'^) are 

closed 1-forms in each variable Zi. However, Bf^]*^*^) is in ®f^-^T^^Q(T) , while we only have 
Bf^J^*^) e (8)^]^T^'(E). The crucial Dolbeault cohomology statement which we need is the 
following: for < 3, T.sB[S\^'''^ is 0, while for = 4, we have 

Y,B[5]^'\z,; Q, h,pi) - ^ d-z^d,.S^{zi; Q, k,,pi) e ®UTU^) (1-12) 

S 3=1 

where the forms Sj are given by, 

S^{z,;eiM.Pi) = \KzJjd\K{zj) {Q{pi) {[ e^'=™-+(^-)) J] ^{zj), (1.13) 

^ ^"^ m=l m^j ^ 

Here, is a 5 and Zi independent factor, and K = K{e, k) = ^3/1/2/3/4 is the well-known 
kinematic factor common to tree level and one-loop (and = e^k^ — ej'/cf). Thus, if we 
complete BjSj into a de Rham exact form by djSj = djSj — djSj and write J2d B[S] as 

4 

Y,B[S]{zi;ei,ki,pi) ^ n{zi;ei,ki,pi) + ^djSj{zi;ei,ki,pi) (1.14) 
.5 j=i 

the form Ti-izi] e^, ki,pi) will be in (8)^^^Tf'o(^)- 1^ will be automatically holomorphic since 
B[S] is a closed 1-form in each variable Zi. The form H can then be evaluated explicitly. 
All dependences on gauge choices cancel in Tl, and we find 

n = ys exp [tTip^jnup^j + 2m J^Pikj /J ^i] U E{zi, z,f^\ (1.15) 
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where uoj is a canonical basis of holomorphic differentials, E{zi, zj) is the prime form, and 
the factor 3^5 is given by 

+ {ki - k^) ■ {k2 - k^) A(zi, z^)A{z2, Z4) 

+{k^ - k^) ■ {k2 - ks) A(zi, Z4)A{z2, zs) (1.16) 

where the basic antisymmetric biholomorphic 1-form A is defined by, 

A{z, w) = uji{z)uj2{w) - uji{w)uj2{z). (1-17) 

The formulas ()1.14|1 and ()1.15|1 show clearly the essential step in the evaluation of the 
A^-point function: the chiral amplitude Z^.S'Si^] is not gauge slice independent. Only the 
holomorphic amplitude Ti is, which is obtained by combining the ®^=iT]^o(S) component 
of 1^5 -Sl*^] with the vertex operator corrections 

-jZdz,dJjd\K{z,){Q{pj) n e^'=™-+(-)) n ^{^m)). (1.18) 

j=l m=l mj^j 

Thus, perhaps paradoxically, the seemingly undesirable (0, l)-forms in the chiral ampli- 
tudes have supplied the crucial counterterms for both the gauge slice independence and 
the holomorphicity of 7i. 



1.2 Type II Amplitudes 



The physical scattering amplitudes can be obtained by pairing the chiral amplitudes of 
left with those of right movers, at common internal loop momenta pj. As shown in [HI, §5, 
the holomorphicity of 7i, together with the fact that 7i as well as the d-exact terms have 
the same monodromy, implies that the d-exact terms in ()1.14|) drop out. Combining all 
these ingredients, one finds the following expression for the Type II amplitude. 



dpi 



S4 



J2}3[6]{zi,ei,ki;p'i] 

5 



dp^i 



S4 



T^i^iy ki'i Pj^ 



We obtain then for the 4-point function of the Type II superstring 

KK I 

KJ 



Aii{ei,ki 



I<J i<j 



X / dpj 



exp{inp'^QjjPj + 2ni^^p'^kj 



20 



KK f\ni<jdQij\ 



21%^ 7 (detlmfi)^ 



J ^ |3^5|^expf -J2 ki- kjG{zi,Zj) 



[1.19) 



[1.20) 
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where G{z,w) is the conformally invariant Green's function 

G{z,w) = -\n\E{z,w)\^ + 27rilmn)jj (im cuj^ (im cuj^ (1.21) 

Holomorphicity is well known to be essential for the construction of the Heterotic string. 
It may be worth stressing that it is here also necessary for the gauge slice independence of 
the gauge-fixed amplitudes. 

The formula p.20|) shows that the amplitude is finite. For purely imaginary values of 
the Mandelstam variables Sij = —2ki ■ kj, the integrals converge, since the volume of the 
moduli space of Riemann surfaces of genus 2 with respect to the SL{4, Z) invariant measure 
I Ylj^j dQjj\'^{detlmQ)~^ is finite. The finiteness for general Sij has to be understood in 
the sense of analytic continuation, as shown in [21] for one-loop amplitudes. 

Translated into the hyperelliptic formalism, the formula ()1.2()j) agrees with the formula 
(109) of Zheng, Wu, and Zhu [12]. Not surprisingly, point by point over the moduli space 
of Riemann surfaces, it differs from the ones of the earlier literature for the 4-point function 
jHllIHllin]- In |22], it is argued that, although pointwise different, the formula ()1.20|1 and 
the one from ^H] have the same integral over the whole of moduli space. However, the 
gauge-fixed superstring integrand is a well-defined notion pointwise on moduli space, and 
should be uniquely prescribed by the holomorphic component of p.l4|) . 

1.3 Heterotic Amplitudes 

To obtain Heterotic string amplitudes, we pair the form ()1.15p with the holomorphic 
blocks, at common loop momenta pj, of the 10-dimensional bosonic string, coupled with 
32 worldsheet chiral fermions X\z), I = l,---,32 (2^. By the cancelled propagator 
argument, we can ignore the poles at coincident insertion points of these blocks ^. The 
monodromies of both left and right movers are still the same. Thus the d-exact terms 
again drop out by holomorphicity. Let HO and HE be respectively the Spin{32)/Z2 and 
the Eg X Eg Heterotic strings. We obtain in this manner the following amplitudes: for the 
scattering of 4 gauge bosons, we have 

(1.22) 

where, in the notation of ()12. 101112. 14|1 . the term W(i?4) is given by W(ir4) = W^^-?) for the 
Spin{2>2) /7i2 string, and by either >V(i7'4) = W^^^ or >V(ir2 ^2) = W^2p2) in the case of 

^Mathematically, this corresponds to an analytic continuation in the Mandelstam variables. See for 
example for the analytic continuation process in the case of one-loop. 
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the Es X Es string, depending on whether all four gauge bosons are in the same Eg, or 
whether the first two gauge bosons are in one E^ and the remaining two in the other. 

For the scattering of two gauge bosons and two gravitons, we find 

X ey.Y>{-^h- k.jG{zi,Zj)Y (1.23) 

where the Heterotic graviton part W(j?2) is given by p2.23|) . and the gauge boson part W^p'^) 
is again given by two distinct formulas, ()12.16|1 or ()12.17|1 . depending on the Heterotic 
theory under consideration. 

For the scattering of four gravitons, the simplest formulation of the amplitude is as 

= 6^ Im2 (det"m ^)S'!(r]) L ^^^'^ ( ~ g • ''^ ' 

(1.24) 

where >V(ii;4) = (111=1 ^^jdx^{zj)e^^^'^''^^^^) / (n^=i e*'^^'^*^^-'^), where x{z, z) is a non-chiral scalar 
field, whose propagator is the single- valued Green's function G{z,w). 

1.4 Non-Renormalization Theorems 

An immediate consequence of the vanishing of the < 3 chiral superstring amplitudes, 
established in §5 from first principles, is that the massless NS boson scattering amplitudes 
in Type II and Heterotic superstrings receive no corrections at two-loop order. This non- 
renormalization theorem holds pointwise in moduli and in the vertex operator points. 
It had been conjectured to hold long ago, in part thanks to space-time supersymmetry 
pij . Prior to the present derivation from first principles, many arguments in favor of this 
conjecture had been proposed in the literature [T2 | IT U IT6 | IT7 | IT8 | l25]. 

1.4.1 Effective action terms in the Type II superstring 

It is of interest to consider contributions generated to the low energy effective action. It 
was shown in [2^] that novel corrections to the Einstein- Hilbert action (and its supergravity 
extension) arise from tree-level and one-loop orders in Type II superstring theory. Using 
the SL{2, Z) or S'-duality of Type IIB and the T-duality of toroidal compactifications, it 
was argued in |2Z| that the order in the derivative expansion at which a given term first 
enters in the effective action is related to the order in string perturbation theory (see also 
PH]). In particular, these considerations lead to the conjecture that no corrections to this 
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term arise at two loop order. As in the case of the A^-point function with < 3, there 
are many arguments in support of this conjecture [TSIEICSI- It may now be proven from 
our first principles formulas. 

From the form of the Type II amplitude for the scattering of 4 NS-NS supergravitons 
in ()1.2Up and the form of 3^5 in ()1.16p , as well as the expression for K in terms of the chiral 
field strengths //"^ via K = ^3/1/2/3/4, it is manifest that the contribution to the term 
in the Type II superstring vanishes. This non-renormalization theorem holds pointwise in 
moduli and in the vertex operator insertion points. 

1.4.2 Effective action and F^F^ terms in the Heterotic string 

In jlH] analogous corrections to tree level and one-loop were calculated in the Heterotic 
strings. With less supersymmetry, the number of corrections proliferates. Nonetheless, 
further non-renormalization conjectures have emerged. A first driving force is the conjec- 
tured duality j30|| between the Heterotic Spin{32) / Z2 theory and the Type I superstring, 
and its lower dimensional extensions jSI] (for a review see ^21)- A second is from the 
duality ISEI between the Heterotic Eg x Eg theory and M-theory [HII, [SB]- A third is 
from the interplay between space-time supersymmetry and space-time anomalies A 
discussion of such non-renormalization effects order by order in the string coupling was 
given in [23 ESI- The forms and F^ are expected to receive no 2- loop corrections. 
This conjecture was partially verified for in [SS] using the measure of PI H] for the 
disconnected parts, and arguments using gauge slice dependent measures were given for 
both the cases F^ and F^ in j^EH]. The validity of the F^ conjecture is proven here from 
first principles. It would be interesting to extend the proof to the case of F^. 

From the form of the Heterotic amplitude for the scattering of 4 NS gauge particles 
in p.22p . the form of 3^5 in ()1.16|) . the fact that Wp^^ and Wp2p2 do not depend on the 
momenta ki, and the expression K = ^3/1/2/3/4, it is manifest that the contribution to 
the terms F^ and F'^F'^ in the Heterotic string vanish. This non-renormalization theorem 
also holds pointwise in moduli and in the vertex operator insertion points. 

1.4.3 Effective action R'^F^ terms in the Heterotic string 

The interplay between space-time supersymmetry and space-time anomalies leads to the 
conjecture that the R^F^ terms are also not renormalized [SS]- This is proven below. 

The low-energy effective action corrections for both R^F^ and i?^ terms involve the 
space-time polarization tensors not only from the superstring K = ^8/1/2/3/4, but now also 
from the bosonic chiral half. This presents a new complication, as the corresponding chiral 
polarization vectors ef from the bosonic half must first be converted to gauge invariant field 
strengths //"^ = ef fc^^ — e^fcf , before the limit fcf can be safely taken. This conversion 
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leads to apparent first order poles in the Mandelstam variables s, t, or u. Actually, it 
will be shown in §12.4 that, in the full Heterotic amplitudes, all such poles are precisely 
compensated by the linear dependence in s, t and u of the superstring chiral half factor 
ys- For example, it will be shown that the following rearrangement formula holds^ 

s>V(fi2)(3,4) = 2iM,)dsd,Gi3A) -2j2k^frfrk^d3Gi3,t)d,GiA,j), (1.25) 

with analogous expressions for t>V(/j2), uW(r2) (see (112. 43j) ). 

To obtain the R^F^ effective action, we keep the fi and fi fixed and take the limit as 
fcj — s> 0. The second term on the rhs in the above formula clearly tends to in this limit. 
The first term has a finite limit whose integral against the remaining anti-holomorphic 
coefficient of s in ys vanishes. The resulting non-renormalization theorem thus holds 
pointwise in moduli but requires a cancellation of the integration over vertex operator 
insertion points. 

1.4.4 Effective action i?^ terms in the Heterotic string 

The calculation of the corrections are analogous to the ones for the R^F^ corrections, 
but technically more involved. The bosonic chiral half now involves the chiral amplitude 
W(j?4), in which all chiral polarization vector must be re-expressed in terms of fi before 
the limit ki ^ can be safely taken, (see §12.6). By contrast with W(j?2-), even when 
combining with the superstring factor 3^5, the resulting sW(r4), tW(H4), and uW^Ri) cannot 
be directly expressed in terms of /, without introducing simple poles in s, t or u. However, 
it can be shown that the residues of these poles actually integrate to zero against the 
anti-holomorphic differentials in 3^5. For example, one such term is of the form, 

2if^f2)^^^2G{l, 2) (sW^r2){3, 4)) (1.26) 

The remaining parts are obtained by expanding in powers of s, t and u the exponential 
of the Green function exp{^J2i<j SijG{zi, Zj)}; they are regular in the limit ki 0, and 
integrate to against the anti-holomorphic differentials in ys- This completes the proof 
that no two-loop i?^ terms arise in the Heterotic string. 

The implications of the two-loop non-renormalization of i?^ in the Heterotic string 
remain to be fully understood, and we plan to return this this problem later. In particular, 
the Heterotic Spin{32) / Z2 - Type I duality (HUIEIIES has been used to argue that non- 
vanishing two-loop corrections to R"^ should arise on the Heterotic side 

We also stress that our re- arrangement formulas for the chiral half of the bosonic string 
are valid for any genus. Thus, as long as the superstring amplitude from the other chiral 

■^We sometimes abbreviate the insertion points zi, Z2, Z3, Z4 by 1,2,3,4. 
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sector contributes anti-holomorphic amplitudes at least linear in s, t and u, the preceding 
arguments should apply, and the non-renormalization theorems should hold to all orders 
of string perturbation theory. 

1.5 Organization 

This paper is organized as follows. In section §2, we provide the precise definitions for all 
the ingredients making up the chiral amplitudes B[5]. In section §3, a first group of identi- 
ties involving sums over spin structures is summarized. These are pointwise identities, by 
contrast with a more difficult group of identities which will be encountered later, and which 
involve integrals against the Beltrami differential fJ^{z). Since the proofs of these pointwise 
identities are not required for the rest of the evaluation of the A^-point function, they have 
been been relegated to Appendices C and D. In section §4, we establish the existence of 
the key scalar function A{z). The same argument gives also the integrals against fj,{z) of 
two of the simpler sums over spin structures, namely /13 and a symmetrized version of 
/14. In section §5, we prove the vanishing of the A'^-point function for A^ < 3. Even in the 
relatively simple case of the 3-point function, we need the previous identity involving J14, 
which is non-trivial since it relics implicitly on the existence of A{z). In section §6, we give 
an outline of the several steps in the evaluation of the 4-point function. The main formu- 
las for sums over spin structures for the 4-point function are spelled out. The Dolbeault 
9-exact terms as well as three key identities which will be needed are identified. In section 
§7, we derive the forniTilas for sums over spin structures announced in §6. The derivation 
relies on some important relations between integrals against fi{z) of the more complicated 
sums /i5 and Jig. These relations are proved in section §8. The first key identity described 
in the outline given in section §6 is proved in section §9. It results in the cancellation 
of the kinematic factor Ct from the final amplitude. The second identity described in 
the outline given in section §6 is proved in section §10. It involves the derivatives of the 
function A{z), and results in the cancellation of the contribution to the kinematic factor 
K from the fermionic stress tensor. Finally, the third identity is established in section 
§11. This identity is of particular importance, since it shows how all the effects of gauge 
choices, namely iu{z), (^{z), and A{z), cancel out to leave us with a gauge slice independent 
holomorphic amplitude Ti. This completes the derivation of the 4-point function for the 
superstring chiral amphtudes and of the full amphtude for the Type II superstring. The 
4-point function for the Heterotic string is evaluated in section §12. The main step is the 
evaluation of the correlators of the internal fermions and of the massless bosons in the 
bosonic string. The formulas obtained involve matter correlators only and actually hold 
in any genus. The derivation of the amplitudes in terms of ki and is straightforward. 
However, their re-expression in terms of the gauge invariant field strengths is more 
difficult. Once these expressions are available, we can readily derive their consequences 
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for the low energy effective actions of the Heterotic strings. This is done in section §13. 

In Appendix A, we have collected the main formulas from the theories of Riemann 
surfaces and 'j?-functions which we need. In Appendix B, we describe some particular 
geometric properties of hyperelliptic Riemann surfaces and of the unitary gauge which 
play a role in the paper. The identities involving sums over spin structures can be divided 
into two groups, depending on whether they involve the factor Z[S] or the factor Hgf^]. 
The identities involving Z[S] are proved in Appendix C, while the identities involving Sgf^] 
are proved in Appendix D. 
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2 The Gauge-fixing Procedure with Vertex Operators 



Our set up is the following \^^. Let S be the worldsheet, and assume that its genus is 
h = 2. We fix a canonical homology basis Af,Bf, i^{Aj fl Aj) = #(5/ fl Bj) = 0, 
i^{Aj n Bj) = 6ij. Let uj be the basis of holomorphic (l,0)-forms dual to Aj. Let 6 be 
an even spin structure. The chiral amplitude B[6] is obtained by chiral splitting from the 
chirally symmetric amplitude A [5] defined by 



N N 



A[6] = J DEm^DQmS{T) J n d'^\E{z,) (J] V{z„ z,; e„ e„ k))x, (2.1) 



i=l i=l 



where {Em^, ^m) describes the two-dimensional supergeometry, 6(T) denotes the Wess- 
Zumino torsion constraints, z = {z, 9) are coordinates on the super worldsheet, -E(z) is 
the super worldsheet volume form, and V{z, z; e, e, k) is the superfield vertex operator for 
the emission of the graviton multiplet with momentum k = (fc^) and polarization tensor 
e^^ e'^ , k^ = 0, k ■ e = In Wess-Zumino gauge, the supergeometry {Em^, ^m) can be 
identified with a pair {gmn, Xm°), where gmn is a metric on S, and Xm" is a gravitino field 
110]. In P, it was shown that, after gauge fixing by the procedure of projecting onto the 
super period matrix introduced in [UI21EII11 (following (HUH]), we can write 



B[6]{zi]ei,ki,pi) 



2.2) 



A[6] = J dp^ 

with the chiral amplitude B[6] given by 

Bmz,,e.,k,,p,) = n ^^/^ /^^C ?%%%4iM (2-3) 
^ //j J ^ det$,j+(p„)det(i7j<l>^) ^ ^ 

x(q{pi) expji- J ixS + fiT)^ f[V, 

Here, are the supermoduli [31321; P/ are the internal loop momenta required for chiral 
splitting IIH], S{z) and T{z) are the supercurrent and the stress tensor respectively, 
and are super holomorphic 3/2 differentials. Ha are dual super Beltrami differentials. 
The term Q{pi) has been defined in (II. 9|) . The terms Vj are abbreviations for V{zj, ej, kj), 
which are now the full vertices described in ()1.2j) . incorporating both the naive vertex V*-''-* 
and the corrections V*-^-* and V*-^-* of |6j. The term /ij^ is a Beltrami differential for the 
deformation of complex structures from the period matrix to the super period matrix. It 
is characterized in genus h = 2 hj the following equation 

d'^z fiuiuj = f d^u f d'^VLjj{u)xu^Ss{u,v)xv^ujj(v), (2.4) 
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where Ss{u,v) is the Szego kerneL It is important to note that this equation defines fi 
only up to a vector field 



fi-/ ^ A/ + d,v\ (2.5) 

A choice of /tf^ is a choice of gauge, refiecting the invariance of the theory under diffeo- 
morphisms. Thus the gauge fixed expression B[S\ incorporates two choices of gauge, both 
of which must cancel out in physical amplitudes: the choice of gravitino slice x, and the 
choice of Beltrami differential fi. 

It is convenient to expand B[5] into its connected and disconnected parts and 
i3 [5] The disconnected part consists by definition of the contributions where the 

Wick contractions of the supercurrent S{z) and the stress tensor T{z) are disconnected 
from those of the vertex operators Vj. The connected part = B[S\ — iSf^]^'^^ consists 

of the rest. We arrive in this way at the equation ()1.8j) given in the Introduction, with the 
terms 3^i, ■ ■ ■ , 3^5 given by^ 

N \ 
(0) 



1 / r r 

yi = ^Wpi) jxs Jxs nvi 

1 / r ^ 



N 

(0) 



(c) 

N I „ N 

(0) 



1 / r 

y^ = ^T.{Qipi) jxsv\'^ wvf 



1=1 \ 

2 



y. = ^E^Mvf^vf nvr^ 



y. = E{QiPi)^P ) (2.6) 

The subindex (c) in and 3^2 indicates that only contributions with some vertex operators 

contracted with a current or a stress tensor are kept. It is convenient to introduce the 
gauge invariant field strength //"^ for each particle by 

fr = - (2.7) 

and rewrite the V^'^^ component of the corresponding vertex operator as 

Vf ) = ( efa-xl - - frV^V^ ] e^«-^+^^»\ (2.8) 



"^To simplify notations throughout, the integration over the worldsheet S wiU be abbreviated by 
Jj, (P'z — > J when no confusion is expected to arise. In particular, we shall use the convenient nota- 
tion \xS = J^d^zXz^S{z) and J fiT ^ J^d^zfig^T{z). 
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In jH], it was already shown that, upon pairing left and right movers and integrating 
over the worldsheet S, the physical amplitudes are gauge-slice independent. In this paper, 
we shall make the particular choice of gravitino slice x = J^aC^^^i^yQa), where are 
the zeroes of a holomorphic differential zu{z). The differential zu{z) is arbitrary, and its 
ultimate cancellation out of the physical amplitudes will serve as a check of the gauge 
slice independence. Once x is chosen, the Beltrami differential fiz^ is constrained by the 
equation ()2.4|1 . but it is otherwise arbitrary. With x having Dirac point support at qi and 
q2, as mentioned earlier in the Introduction, it is convenient to introduce the Beltrami 
differential fi{z) by 

= Ss{qi,q2)Kz). (2.9) 

The factor ^^(gi, ^2) cancels then out of the equation ()2.4|) for /t^^, and the defining equa- 
tion for fj,{z) becomes 



HUJiUJj = -^\ujj{qi)ujj{q2) + Uj{qi)ujj{q2) j (2.10) 

In particular, the Beltrami differential fi{z) can be taken to be independent of the spin 
structure 6. Even though the gravitino slice x consisted of Dirac point masses, the Beltrami 
differential ^{z) can be taken to be smooth. If one wishes, one can choose /i(z) to consist 
of point masses also. However, as discussed in jO] and as will be seen explicitly in section 
§9, this would have to be done with considerable care, especially if one takes a limit where 
the point supports of /i(z) tend to qi or q2. 

In terms of the Abel map from the surface E into its Jacobian, the condition that qi, q2 
are the zeroes of a holomorphic (1, 0)-form is equivalent to the condition, 

qi + q2-2A = 2K E T? ®^T? (2.11) 

where A is the vector of Riemann constants jTTl lllj. and 2k is an arbitrary full period. 
The superstring amplitudes will be shown to be independent of the independent variables 
q\ and k. The holomorphic (l,0)-forms which vanish at gi,g2 are determined up to a 
constant multiple (see Appendix §D for a proof). We choose such a form w{z^ to be 

w{z) = +cu/(2)9/t9(gi - A)e2"^'''('?i-'^) 

= -u;/(z)97^?(g2 - A)e^"^"'(^^-^^ (2.12) 

In the formula p.8|) . the measures (iyUo[5] and the measure (i/i2[5] appear, which are 
defined in fll.6p . The term Z\5\ can also be calculated explicitly [44:, and we have, 

^r.. ^ m (O)'^(Pl + P2 + P3 - 3 A) na<fc i^(Pa, Pfc) Dg o{Vaf , . 

^ ^ Z^H[6]{qi + q2- 2A)E(gi, ^2) Ua a{q^ydetujUj{pa) ' ^ ' ^ 
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Here, the prime form E, and the 1-form a{z) are defined in Appendix §A, specifically 
flA.15|) and ()A.21|) . while Z is the partition function for a single chiral boson, given by 

^3 ^ + ^2 - rg - A)E{ri, r2)a(ri)ff (ra) 14) 
E{ri,r3)E{r2, r3)cr(r3)det uji{rj) 

where ri, r2, are arbitrary generic points and rj in the determinant runs over ri and r2. 
It was shown in |3] that Z[S] may be simply re-expressed in terms of the chiral partition 
function Zb for the bosonic string, 

^[5](gi + g2-2A)E(gi,g2)a(gi)V(g2)2 ' 

In the unitary gauge, with qi + q2 — 2A = 2k, the T^-function in the denominator simplifies 
considerably and, with the help of ()A.6|1 . may be recast in the following form 



Z[6] = Z,E{q,,q,)e'-'^'''-' {k\5) mi^f (2-16) 
where Zq is (5-independent and given by 

E{q,,q2Ya{qifa{q2Y ^ t^^^^i^ ^' ^ 

Note that an extra factor of E{qi, ^2)"^ has been included in the definition of Zq for later 
convenience. This makes Zq a (—1,0) form (with non-trivial monodromy) in both qi and 
q2 with a double pole at qi = q2 and no zeros. Note that ()2.1(j|l clearly exposes the 
5-dependence of Z[6]. 
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3 Identities for Sums over Spin Structures 



We shall evaluate directly the sum In the papers PflEllSlIll, for the evaluation 

of the chiral superstring measure for each fixed spin structure S, we had used a split 
gauge, where the period matrix and the super period matrix coincide. For the present 
evaluation of the A^-point function with < 4, where we consider only a sum over even 
spin structures 6, the unitary gauge turns out to be more convenient, as it turns out that 
a greater number of terms cancels upon summing over 6. The unitary gauge is closely 
related to the Mandelstam representation of string diagrams in the light-cone gauge. It 
has been used by many authors in the evaluation of string amplitudes jHl ESI HE], and 
particularly in [TU [121 El CHI dl where the existence of many identities in this gauge was 
discovered. 

In this section, we list all the summation identities which will be needed. Their detailed 
derivation is given in Appendices C and D. The summation identities can be divided into 
two groups, those which involve the factor Z[6] and those which involve the factor Sgf^]. 
The first group splits itself into two subgroups, depending on whether there is or is not an 
insertion of the fermion stress energy tensor. From the form of the terms 3^i, ■ ■ ■ , 3^5 given 
in fl2.(jj) . it is clear that the sums below will appear in the A^-point function with A^ < 4. 



3.1 Identities without the Fermion Stress Tensor 

For the A^-point function when A^ < 3, only sums with 4 or less Szego kernels can occur, 
when there is no fermion stress tensor insertion. They are 



h = : 


Em 

5 




• q2) 




h = : 


Em 

5 


Ssiqi: 


.q2)Ssizi,Z2Y 




^3 = : 


Em] 

5 


Ssiqi: 


,q2)Ssizi,Z2)Ssiz2, 


Z3)Ssiz3,Zi) 


h = : 


Em] 

5 


Ssiqi: 


,Zi)Ssizi,q2) 




h = : 


Em] 

5 


Ssiqi: 


,Zi)Ssizi,q2)Ssiz2, 


Z3)Ssiz3,Z2) 


h = : 


Em] 

5 


Ssiqi: 


,Zi)SsiZi,Z2)Ssiz2., 


q2) 


^7 = : 


Em] 


Ssiqi: 


,Zi)SsiZi,Z2)Ssiz2: 


Z3)Ssiz3,q2) 



s 
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For the 4-point function, sums over S with products of 5 Szego kernels can occur. They 
are 

/s = ^^ZIS] Ss{qi,Zi)Ss{zi,Z2)Ss{z2,Z3)Ss{z3,Z4)Ss{z4^,q2) 

s 

Ig = Yj^I^] ^siqi,Zl)SsiZi,Z2)Ssiz2,q2)Ssiz3,ZiY 

s 

ho = ^^(9^^^^)^siZi,q2)Ss{z2,Zs)Ssiz3,Zi)Ss{Zi,Z2) 

s 

Ill{zi, Z2, Z3, Z4) = J2^l^]^siqi,q2)Ss{Zi,Z2yS5{z3,Z^Y (3.2) 

<5 

luizi, Z2, Z3, Zi) = 2:[6]Ss{qi, q2)Ss{zi, Z2)Ssiz2, Z3)S5iz3, Z4)Ss{z4, Zi) 

s 

The identities for these sums that we need are: 

h = l2 = h = h = h = h = h = h = h = ho = 

4 

hiizi) = h2{zi) = -2Zo n ^(zi). (3.3) 

1=1 

In particular, hi{zi) = h2{zi) are completely symmetric in all its variables, although this 
is not manifest from their definition. 

3.2 Identities with the Fermion Stress Tensor Insertion 

Next, we consider sums over spin structures involving the fermion stress tensor. The 
expression (p[6] accounting for the fermion stress tensor insertion can be defined by 

ip[6]{w;zi,Z2) = Ss{zi,w)dyjSs{w,Z2) - Ss{z2,w)d^,Ss{w,zi) (3.4) 

In all evaluations, we shall make use of the Fay trisecant identities (see the appendices, 
eq. ()A.28|) ) to recast (f[6] as follows, 

reu N 1^[5]{zi+ Z2-2w)E{zi,Z2) , . 

ip[6]{w; zi, Z2) = .^jryr^^j^f 3.5 

w[dj(0)£/(zi, w)'^E{z2, wY 

The sums over spin structures which arise at the level of the 2-, 3-, and 4-point functions 
are given by 

h?,{w]Zi,Z2) = Y^[^]^s{qi,q2)'^[S]{w]Zi,Z2)Ss{z2,Zi) 
5 

hiiw; zi, Z2, Z3) = Yj^l^]^siqi,q2)v[5]iw;zi,Z2)Ssiz2,Zs)Ssiz3,Zi) 

5 

hbiw; Zl, Z2, Z3, Z^) = Y 2[S]Ss{qi, q2)^[5]{w] Zi, Z2)Ssiz2, Z-i)Ss{z3, Z4)SsiZi, Zi) 

5 

heiw; Zl, Z2; Z3, z^) = Yj^l^]^siqi,q2)v[S]{w;zi,Z2)Ssiz2,zi)Ssiz3,Z4f (3.6) 

s 
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Actually, it will be more natural to work with following (anti-) symmetrized parts of /15, 

2I^^{w;zi,Z2,Z3,Z4) = h^iw; zi, Z2, Z3, Z4,) + Ii5{w; Z2, zi, Z3, Z4,) 

21^^{w; zi, Z2, Z3, Z4) = Ii5{w;zi,Z2,Zs,Z4) - Ii5{w;z2,Zi,Zs,Z4). (3.7) 

which will arise naturally in the amplitudes. 

Of these, the simplest one, J13, is holomorphic and satisfies the following identity 

hsiw; zi, Z2) = AZqw{zi)w{z2)w{wY. (3.8) 

The remaining sums actually have poles in some of the Zi and w, and will involve the 
Green's function G{z] zi, Z2',Pi,P2) which is a (1, 0)-formin z, and a scalar in zi and Z2, with 
simple poles in z at zi and Z2, and zeroes at pi and p2- Explicit forms for G{z; zi, Z2;pi,P2) 
are given in the appendix ()A.20j) and ()A.23|1 ^. The expression J14 is then given by 

Iu{w; Zi, Z2, z-i) = 2Zow{zi)w{z2)^iwY J2 G{z3; Zi, Z2] qa,u)) (3.9) 

Q = l,2 

For the more complicated ones, /15 and Jig, it is most convenient to list the symmetrized 
and anti-symmetrized /fg and /j| parts respectively, 

Ii^iw; Zi, Z2, Z3, Z4) = Zow{zi)w{z2)^{wf{G{z3; zi, Z2; qi, w)G{z4^; zi, Z2] q2, w) 

+G{z3; zi, Z2] q2, w)G{z4^; zi, Z2; qi,w)} 

/j|(w; zi, Z2, Z3, Z4) = Zozu{zi)w{z2)^{wf{G{z3; Z4, zi, qi, w)G{z4^; Z3, Z2] qi,w) 

-G{Z3; Zi, Z2; qi,w)G{zi; Z3, Zi; gi, w) 
+G{z3; Z4, Zi, q2, w)G{z4; Z3, Z2; q2, w) 
-G{z3] Z4, Z2] q2, w)G{z4; Z3, zi, q2, w)} 

(3.10) 

Finally, Iiq is related to /15 by 

Iie{w; Zi, Z2; Z3, Zi) = -I^^{w;zi,Z2,Z3,Z4) 

-ZQw{zi)w{z2)w{wf{G{z3] Zi, zi, gi, w)G{zi, Z3, Z2\ gi, w) 

\G{z3\ Zi, Z2\ qx,w)G{zi, Z3, Zi, qi, w) 
+G{z3; Zi, zi; q2, w)G{zi; Z3, Z2; q2, w) 
+G{z3; Zi, Z2] q2, w)G{zi; Z3, zi, q2, w)} 

(3.11) 

^The Green's function G{z; zi, Z2;pi,P2) should not be confused with the Green's gunction G{z,w) 
introduced earher in H1.21|l . which depends only on two points z and w. Which Green's function applies 
is usually clear from the context. 
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3.3 Identities involving !E!6[^](n) 

For the 1, 2, 3-point functions, we need the following identities: 

/i7 = j:^e[6]mior (3.12) 

5 

/l9 = ^^EqIS] ^[6]{0ySs{zi,Z2)Ss{z2,Z3)Ss{z3,Zi) 
5 

hoizi, Z2; zs, Z4) = ^Ee[5]'d[S]{0)'^S5{zi,Z2ySsizs,Z4Y 

5 

hl{Zl, Z2, ^3, Z4) = ^6[S]^[S]iO)'^Ss{zi, Z2)Ssiz2, Z3)Ss{z3, Zi)Ss{z4, Zi) 

s 

In Appendix D, it is shown that these sums take the following values, 

/l7 = /l8 = /l9 = (3.13) 
^20(^1, 23,2:4) = -4:Tt'^'^io(^A{Zi,Z3)A{z2,Z4) + A{ZI,Z4)A{Z2,Z3)^ 

hl{Zi,Z2,Z3,Zi) = +2'JT^'^io(^A{zi,Z2)A{z3,Z4) - A{zi,Zi)A{z2,Z3)^ 

where we have expressed the result in terms of the antisymmetric biholomorphic 1-form 
A{x,y), defined in ()1.17|) : we repeat it here for convenience, 

A(x, y) = LJi{x)uj2{y) - LJ2{x)LJi{y) . (3.14) 

(The bilinear form A(x, y) should not be confused with the vector A of Riemann constants.) 
Clearly, the totally symmetrized parts of both I20 and I21 vanish; as a result, the quantity 
S, introduced in P by 

5(1234) = - \ ujj{l)uj{2)ujK{3)M'^)T.^6[^W?didjdKdLm{0) (3-15) 

vanishes identically. The quantity T of [T] is indeed reproduced by the above formulas as 
the antisymmetric part of I20, in the following way, 

T{i,j\k,l) = 327r6^^Q (^ho{i, k; l,j) - hoii, h k,j)^ 

= -^A(^,j)A(/c,/) (3.16) 
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4 The Scalar Function A(z) 



From the expression for 3^2 in ()2.fij) , it is evident that we shall also need identities involving 
integrals against fiu,^ of sums over spin structures involving the stress tensor. In this 
section, we discuss two of the simplest such integrals, involving J13 and J14. In the process, 
we also establish the existence of a scalar function A{z), which plays a fundamental role 
in the proof of the gauge slice independence of the A^-point function. 

4.1 The total Derivative Formula for fi{z)zu{z) 

The unitary gauge has a remarkable property, which is one of the most important prelim- 
inary results that we need: the expression zu{w) is a (0, l)-form which integrates to 
when paired against an arbitrary holomorphic (1,0) form. 



fi{w)w{w)ujj{w) = 0, 1=1,2. (4.1) 

Indeed, from the definition of /i in ()2.9|) and w{z) in ()2.12|) . it follows that 

H{w)zu{w)ujj{w) ~ uj{i{qi)uj}{q2)di'd{qi - A) (4.2) 
~ d,,^iq^ - A)cojiq2) - dg,i3iq2 - A)uoj{q{) = 

Thus, there exists a single- valued scalar function A (2;) such that 

li{z)w{z) = dsA{z) (4.3) 

The function A may be solved for in terms of /x, 

A{z) = Ao - ^ y fi{w)zu{w)d^ In E{z, w) (4.4) 

The monodromy in z of the integrand cancels upon integration in view of (j4. Ij) and the 

above expression is well-defined and single- valued. Under a change of slice 6yfiz^ = dgv^, 
generated by a smooth vector field v^, the function A transforms as follows 

6A{z) =6Ao + w{z)v'{z) (4.5) 

Since zu{z) vanishes at qi and q2, it follows that A(gi) — A(g2) is slice- independent. 

4.2 Integrals of fi with /13 and lu 

In view of the identity (j3.8p for /13, the identity (|4.2|) implies at once 

I2{w) Ii3{w;x,y) = 0. (4.6) 
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Next, we claim that the following identity holds 

H{w)w{w){lu{w; zi, Z2, Z3) + luiw; Z2, Z3, Zi) + luiw; Z3, Zi, Z2)} = 0. (4.7) 



For this, we note that the Green's function G{x;pi,p2] Qa, w), for fixed a, as a function of 
w, is a scalar and has simple poles at pi, p2 and = 2 A — qa- It does not have a pole at 
X and at qa- The residues at pi and p2 are well-known, the third was deduced using the 
fact that 



uji{w)du,G{x;pi,p2;qa,w) = (4.8) 



and we have^ 



di^G{x;pi,p2;qa,u;) = 2Tcd{w,p2) . -27rd{w,pi) 

w[p2) tZ7(pi) 



, ^ w{x)A{pi,p2) , . 

+27r6{w,qf3) 4.9 

ro(pi)A(g^,P2) 

or, in a form which often will also be useful, 

du,{r^iw)G{x;pi,p2;qa,w)} = 2ntu{x){5{w,p2) - 5{w,pi)} (4.10) 

The role of the factor zu{w) is to cancel the pole in w at q^, since w{w) vanishes there. 
Returning to the proof of the desired identity, we can apply p.llj) and integrate by parts 
to rewrite the left hand side of ()4.7p as 



-22:0 J A{w)du,{zu{zi)zu{z2)u!{w)G{zs; zi, Z2; qi,w) (4.11) 

+Uj{z2)w{z3)uj{w)G{zi; Z2, z^; qi, w) 
+zu{zi)zu{z2)zu{w)G{z2; Z3, Zi; qi, w) + {qi ^ ga)} 

Using the identity ()4.10p . we see that all the terms are proportional to 'w{zi)w{z2)'Oj{z3), 
and that their coefficients sum to 0. 



^Note that we have ti7(pi)A((7^,p2) = '^{P2)^{<li3,Pi)- 
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5 The A^-point Function for < 3 

With the identities for sums over spin structures given in the previous section, we can now 
return to the evaluation of the A^-point function for N < 3. It is immediately seen from 
the identities involving S6[5](f2) listed in §3.3 that, for < 3, all contributions from the 
disconnected component ^[5]^'^-* cancel upon summing over 5. Thus, in this section, we 
concentrate on the connected component 

5.1 The 1-point Function 

For the 1-point function, the contribution vanishes by the 1^ = identity; the 3^2, 3^3, 
and 3^5 contributions vanish by Ji = 0; there is manifestly no contribution; thus the 
1-point function vanishes. 

5.2 The 2-point Function 

For the 2-point function, the and 3^5 contributions vanish by the identities I2 = h = 0, 
the 3^3 contribution vanishes by the identity I4 = 0, and the 3^4 contribution vanishes by 
the identity Ji = 0. In the 3^2 contribution, there is no contribution from the bosonic 
stress tensor in view of the identity I2 = 0. Thus the 2-point function reduces to the 
contributions to 3^2 from the fermionic stress tensor. These are proportional to 

/ i2{w) J2^[^]Ss{qi,q2)v[S]{w;zi,Z2)S5{z2,zi) = / fi{w) hsiw; zi, Z2). (5.1) 
J ^ J 

But this vanishes by the identity ()4.(jj) . 

5.3 The 3-point Function 

For the 3-point function, the contributions from 3^i compute as follows. The single-link 
string of contractions between the super current insertions S{qi) and S{q2) cancels by 
h = h = h = 0. The double-link string between S{qi) and S{q2) cancels by 1^ = 1^ = 0. 
The triple-link string between S{qi) and S{q2) cancels by Iq = 0, and the quadruple link 
string cancels by = 0. Thus, all contributions to 3^i vanish. 

Contributions from 3^3 compute as follows. The single-link string between S{qi) and 
S{q2) cancels by Ii = I2 = 0. The double-link string between S{qi) and S{q2) cancels by 
I4 = 0. The triple-hnk string between ^(gi) and S{q2) cancels by Jg = 0, and there is no 
quadruple link string. Thus, all contributions to 3^3 vanish. Contributions to 3^4 arise only 
through the single-link string between S{qi) and S{q2) and cancels by Ji = 0. 
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To evaluate 3^5, we use the fact that all the 5- dependence of jl is through Ss{qi, q2), so 
that the (5-resummed 2^ [5] 3^5 is proportional to, 

^Z[6]S5{qi,q2) [ai + a2Ss{zi,Zjf + a^Ssizi, Z2)Ss{z2, Z3)Ss{z3, zi)^ (5.2) 

where cti, 02, 03 are (5-independent. The terms proportional to ai, 02, 03 respectively cancel 
by using Ji = 0, /2 = and I3 = 0. Hence the contribution of vanishes. 

Only the contributions to 3^2 remain. The bosonic stress tensor gives no contributions 
by Ii = I2 = I3 = 0. By definition of 3^2, we need consider only the connected parts in the 
contributions from the fermionic stress tensor. Since the fermionic stress tensor insertion 
is normal ordered, at least two vertex operators of the three must contribute a fermion 
bilinear in 3^2- Thus, we get two contributions, one from two insertions of fermion bilinears 
and one from 3 insertions (i.e. at each vertex) of fermion bilinears. The correlator with 
two insertions is proportional to V9[5](iy, Z2, Z3)Ss{z2, z^). Upon summation over 6 against 
2[6], this yields Iisi^w; zi, Z2), whose integration against /i vanishes in view of ()4.6|) . Hence, 
the contribution of the term with two insertions to the GSO projected amplitude vanishes. 

The contribution with three insertions of vertex fermion bilinears is proportional to 
(we omit constant factors and the correlator of the x+ field), 

^,,.,^,...^,3.3 g f,T.^^^^^^^_^\z,)r+'r+-{z2)r+'r^{z,)) (5.3) 

Upon carrying out the contractions in all possible ways, the polarization coefficient is 
proportional to the kinematic factor for the 3-point function C3, given by 

C3 = f^fVft = (ei ■ h){t2 ■ h){t, ■ h) - (ei ■ A;2)(e2 ■ A;3)(e3 • h). (5.4) 
The Green function contributions are proportional to, 

C3 j flnr\^^[5]{w] Zi, Z2)S5{Z2, Z:i)Ss{z^, Zi) + '^[5]{w] Z2, Z^)S5{z:i, Zi)Ss{zi, Z2) 

+ip[5]{w] Z3, Zi)Ss{zi, Z2)Ss{z2, zs)^ (5.5) 

Upon summation over S against Z[S], this yields the symmetrized combination of /14, 
whose integral against fi vanishes by ()4.7p . Thus the 3-point function vanishes. 
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6 The Chiral 4-point Function: Outline 



We turn now to the evaluation of the 4-point function. Since the calculations are lengthy, 
it may be helpful to list here the main steps, with details left to subsequent sections. 

6.1 Kinematic Invariants for the 4-point Function 

Recall that f-"" = ef/c^ — eJ'A;f denotes the "gauge-invariant field strength" of the i-th 
particle. The kinematical factors for the 4-point function are given by 

ir(l,2,3,4) ^ (/l/2)(/3/4) + (/l/3)(/2/4) + (/l/4)(/2/3) 
-4(/i/2/3/4) - 4(/i/3/2/4) - 4(/i/2/4/3) 
Crit^jlkJ) ^ ifJkMfl)-iM)ifjfk) 

+2(M/fc/0 - 2(M/Jfc) (6.1) 

Here, K is the familiar factor totally symmetric in its arguments, while Ct is antisymmetric 
in i ^ j and antisymmetric in A; ^ /. Here and later, we use the notation, 

( f f f \ = ff^'^ 

\JiJjJk) — Ji Jj Jk 

{uf.hh) ^ frirfrfr- (6.2) 

6.2 Chiral Amphtudes after Summing over Spin Structures 

The GSO summation over 6 considerably simplifies the chiral amplitude, and produces the 
following expressions. The contributions of the disconnected components are 



4 

n 

i=l 

This formula reproduces formula (9.10) of [I, and shows that the totally symmetric func- 
tion iS in P vanishes. 

Next, we shall list the contributions from the connected components, which arise from 
the 5-summation of ^i, 3^2, 3^3, 3^4, and y^. The contribution 3^2 arises from the stress 
tensor insertion. It will be convenient to decompose 3^2 further according to contribution 
from the bosonic stress tensor or from the fermionic stress tensor T^, 

Tx = -\d,x\d,x%, = ^r+d.i^t. (6.4) 



Y.^[5f'^ = -y^(^Ct(1,2|3,4)A(1,2)A(3,4) + Ct(1,3|2,4)A(1,3)A(2,4) 

+Ct{1, 4|2, 3) A(1, 4) A(2, 3)) {Q{pj) [] e'^'-^+^''^). (6.3) 
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The contribution from is further spht according to whether the kinematic factor is 
proportional to the symmetric K or the antisymmetric Ct- In a straightforward notation, 
we thus have, as follows, 

y2 = y2. + yl^ + y^^ (e.s) 

The contributions of the connected components are then given as follows. 



^ 4 / 
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i=i \ j=i I (,) 

Y.z[5]y2. = ^Zoirn^(^^) /M^)(QM'9x't9x^;Hne^*=^-^+(^^A (6.7) 

S i=l \ i=l / (,) 

Hmyl^ = \KZ,j:dK{z,)X{w{z,) lQ{p,)i{e^'^--^A (6.8) 

S ^ 1=1 j^i \ i=l I 

Y.my2^ = ^(cT(l,2|3,4)J,^6(l,2|3,4) + CT(l,3|2,4)X,i,(l,3|2,4) 

4 \ 



+Ct{1, 4|2, 3)lUl, 4|2, 3) j {Q{pi) J] e*-^+(^»)^ . (6.9) 

Y^Zm = (6.10) 

5 

J2my4 = (6.11) 



<5 

]^ 4 / / 4 



i=l 



J2Z[6]y, = -ZoKj2dz,d,^(A{z,)l[w{z,) {Q{p,)l[e''^r-^^^^^)) (6.12) 



Here A{z) is the single valued scalar function defined by p.lip . The expressions Xfg and 
2iQ are symmetric and antisymmetric versions of the integral / /i/ie, and are defined by 

,Z2,Z3,Z4) — — 'Y XiQ^Zal, Za2, Za3, Za^) (6.13) 
IieiZi, Zi\z2, Zs) = -(li(i{zi,Z2,Z3,Z4) +Iiq{z3,Z4,Zi,Z2) - {Z2 ^ Zs)^, (6.14) 

with 2iq{zi, Z2, Z3, Zi) itself being defined by 

^16(2^1, Z2, Z3, Zi) = ^ j fi{w)Iie{w; zi, Z2, Z3, Zi). (6.15) 
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6.3 Elimination of the Dolbeault 5-exact Components 

It is now clear that all the terms in Z^^Bf^] which are not tensor products of pure (1, 0)- 
forms are given by the expression 

\zoKjym.^jd\K{z,) X{w{z,) (q{pi) J] e^^^-+(^^)^ ) (6.16) 

arising from J2s^[^]y5- Note that for each i, the contribution to this expression is man- 
ifestly a Dolbeault 9-exact (0, l)-form in Zi, and a holomorphic (and hence closed) (1, 0)- 
form in the remaining variables. The Dolbeault (9-exactness allows us to eliminate such 
expressions by de Rham d-exact differentials, that is, 

S ^ 1=1 jyti \ j = l I 

~Z,KY,K{z,) X{w{z^) lQ{pi)ih-d,^x+ ■Qga,..^^)^ 

1=1 j^i \ j=l I 

+ \zoKY^dJk{z,) nt^(^,) (g(p/) ne^'^-+(^^)\) (6.17) 
^ i=i ^ j+i \ j=i / ^ 

Thus we can write 

Y^E{b\=n+\z,KY^dJ\d\k{z,) Yi^{z,) (g(p,)ne^^^-+(^^)\) (6.18) 
with the form Ti, given by 

^ = E m + [ d'cE m (yi + + y!^ + y^) 

5 '' S 

-\z,Kj2{dz,d,^ [d\A{z,)) H^iz,) (Q{pj)l[e^'r^^^^A 

^ j=l 3+i \ 3=1 I 

-l^oKY, Jd\A{z,) l[w{zj) (Q{pi)ikfdx^+{z,) {[e^'^r^+^^A (6.19) 
i=i j^i \ j=i I 

From the expressions for J^i, 3^21, yiti, J'^, and the form of it is manifest that 

Ti, is purely a (1, 0) form; this form is holomorphic away from zi — Zj for i j. 

6.4 Explicit Evaluation of Ti 

It remains only to evaluate Ti. The following three types of cancellations and recombining 
mechanism take place. First, we have, 

Y.m^'^+Em fd'cyi^ = o. (6.20) 
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so that all the contributions proportional to the kinematic invariant Ct cancel out of the 
full amplitude. The terms above turn out, however, to be individually independent of 
gauge choices. 

The next cancellation and recombining mechanism are more remarkable since, starting 
from terms in the left hand side which depend individually on both gauge choices of 
gravitino slice Xz^ ^ind Beltrami differential /t^^, the combined outcome is a gauge-slice 
independent amplitude. This can only occur thanks to the presence of the function A{z) 
which arises from the Dolbeault 9-exact terms. The first is a cancellation, 

E ^y'^ - \zo KY^idz^d^Mz.)) {Qipj) n e'^^-+(^^)) n ^(%) = (6.21) 

S 2=1 j=l j^i 

and the second is a recombining mechanism, given by, 

S ^ 2=1 jj^i \ j = l I 
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Kys exp I nrptnjjp'i + 2mY,p>ik^ H uji \ [] E{z,, z.f-''^. (6.22) 

I 3 -^^0 J i<0 



Here ys is the holomorphic factor defined in (jl.l6|) . This completes the proof of the 
formulas ()1.14j) and p.l5|) announced in the Introduction. 

In the formulas ()6.21|) and ()6.22|) . we see once again the mechanism for gauge slice 
independence of gauge-fixed superstring amplitudes at work: as in the case of the chiral 
superstring measure j2], the gauge choices of gravitino slice Xz^ ^ind Beltrami differential 
\Xz^ are closely entertwined. They can only cancel when combined with one another. 
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7 Sums over Spin Structures for the 4-point Function 



In this section, we combine the results of summations over spin structures in §3 with the 
structure of kinematical invariants. 

7.1 The Disconnected Component J2s^[^]^'^^ 

As we had aheady noticed in the process of calculating the A^-point function for < 3, 
all the terms in the disconnected component Y,s B[5]^^^ with fewer than 4 fermion bilinears 
ip+'ip^izi) cancel because of the identities In = lis = hg = 0. This cancellation persists 
in the calculation of the 4-point function. Thus we need only consider the expression, 

(Q(p/)ne^''-^"^^'^) T.^e[S]m'm[S] (7.1) 

i=l S 

where yVo[S] is defined by 

m[s] = (Ajr^'i^'A^^)) ■ (7.2) 

The Wick contractions work out as follows 

+ ^(/l/3)(/2/4) Ssizi,Z3ySsiz2,Z,f 

+ ^(/l/4)(/2/3) Ssizi, Z4)^Ss{z2, Zsf 

-(/1/2/3/4) Ss{zi, Z2)Ss{z2, Z3)Ss{zs, Z4)Ssiz4^, Zi) 

-(/1/3/2/4) 5*5(^1, Z3)Ss{z3, Z2)Ss{z2, Z4)Ss{z4, Zi) 

-(/1/2/4/3) S5{Zi,Z2)Ss{z2,Z4)Ss{Zi,Z'i)Ss{z3,Zi) (7.3) 

We can now combine this formula for VVo[5] and the formulas for /20, and I21 and their 
symmetrized S and antisymmetrized T versions, which multiply the kinematic invariants 
K and Ct respectively. Since 5 = 0, no contribution proportional to the symmetric 
invariant K remains. Using the expression for T produces the announced result ()6.3|) . 

7.2 The Contributions from 

The insertions ip+{qi) and ip+{q2) must be contracted with the fermion bilinears from 
the vertex insertions in the form of a linear string. We refer to the number of fermion 
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propagators in this string as the length of the string. The string may be multiphed by 
non-intersecting closed fermion n-cycle, with n fermion propagators. 

To 3^1, only length 1 contributes. Indeed, at length 2, we may have a 0-cycle, a 2-cycle 
or a 3-cycle, which vanish by 1^^ = = Jio = respectively. At length 3, the 0-cycle and 
2-cycle vanish by Iq = Ig = 0; at length 4, the 0-cycle vanishes by Ij = 0; while at length 
5, the 0-cycle vanishes by Is = 0. 

At length 1, the contributions from the 0-cycle, the 2-cycle and the 3-cycle cancel by 
Ii = I2 = I3 = respectively. But the contributions from two 2-cycles, and a single 4-cycle 
are non- vanishing and are governed by the contraction of the fermion bilinears only in each 
of the 4 vertex operators. This results in the term Wo[S] which had already been evaluated 
in the previous subsection. 

The contraction of the two supercurrent insertions produces a factor of Ss{qi, 52)- Sum- 
ming this combined result against Z[6], we obtain, 

^2:[(5]S'5(gi,g2)>Vo[5] = +\{fif2){f3U) hi{zi, Z2; Zs, z^) - {f 1/2/3/4) lui^i, Z2, Zs, Z4) 

^\{^f\fz){hf4) h\{z\, Z2.] Z2, Zi) - (/1/3/2/4) luizi, Z3, Z2, Za) 

+^{hfi){.hh) hi{,zi, Zi, Z2, z-i) - (/1/2/4/3) h2{,zi, Z2, z^, z^) 

(7.4) 

Now, 111 and I12 are equal and are totally symmetric functions of their 4 vertex points Zi. 
Therefore, all terms are proportional to In and only the combined kinematical factor K 
enters. We then end up with 

Y^Z[6]Ss{qi,q2)m[5] = -\ZoK \{w{z,) (7.5) 

Assembling all contributions to y\\5\ and carrying out the summation over 5, we have 

Y.myA^\ = -^^oK l[zu{z,) /QipJ)^x+{q^)^x+{q2)l[e''^■^^^^A • (7.6) 
5 ^ j=i \ j=i I 

The (9x+(gi)9a;+(g2) operator is normal ordered since the fermion operators in the super- 
current have already been contracted. This prescription is indicated on the correlator with 
the subscript (c). This is the formula ()6.6|) . 
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7.3 Contribution to (bosonic stress tensor) 

The contribution to 3^2 from the bosonic stress tensor only was denoted by y2x- Its only 
non-vanishing contribution arises from the contraction of the fermion bilinears in all 4 
vertex operators. These contractions are as in Wq. To sum over spin structures, we write 
P'z^ = Ss{qi,q2) fJ'{z), so the (5-dependence of the Beltrami differential ft is isolated. It is 
now straightforward to express the contribution from and apply the identities 

Y.Z[6]y2x = ^ZoKl[w{z,) I fi{w) (Qipi)dx'idxl{w) {[ e^'^^^+i^A (7.7) 

<5 i=l \ 3=1 I (c) 

Note that the bosonic correlator must be connected. This is the formula (|6.7j) . 

7.4 Contribution from 3^2?a (fermionic stress tensor) 

The insertion of the fermionic stress tensor may be formulated in terms of the insertion 
of a modified Szego kernel S'^, to be defined below. Since we are computing the connected 
part only, the lowest contribution is that of a 2-cycle, which gives /13. This quantity 
integrates to zero against fi however. For the 3-cycle, the contribution yields /14. Its 
integration against fi vanishes upon cyclic symmetrization of its arguments, and this is 
precisely the combination that enters into the 4-point amplitude (just as it was the one 
that entered into the 3-point function). The fact that in the 4-point function further 
bosonic contractions must be carried out is immaterial. Thus, all these contributions 
vanish in the 4-point function. 

7.4.1 The integrated fermionic propagator Sg{x,y) 

The only remaining correlator is when the fermionic stress tensor is inserted in a correlator 
where each vertex operator contribution is limited to its fermion bilinear prefactor. Since 
the stress tensor is integrated against fiz^, it is useful to introduce the following correlator 
Sg{x,y) in order to work out carefully the combinatorics, 

S'six^y) = ^{J f^T^ i^+{x)^+{y)) . (7.8) 
The integrand can be evaluated using the definition of in ()fj.4|l . One finds 

l^j jlT^ ^+{x)^+{y)^ = ^(f[6]{w;x,y), (7.9) 
where ip[6]{w; x,y) was defined in ()3.4|) . This gives the following formula for S'g{x,y) 

S',{x,y) = ^J fi^'"^[S]{w;x,y). (7.10) 
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Returning now to the evaluation of the sums involving ? the object of interest is 

^'^^^ ^ ("0' (7.11) 

It is convenient to work this out in terms of the modified Szego kernel -S'^ first. This may 
be done by successively replacing, in each term in Wq, one Szego kernel Ss factor by S'g, 
and summing up all contributions, 

>Vl[5] = -^(/l/2)(/3/4) {Ss{Zl, Z2)Sg{Zi, Z2)Ss{z3, Z^f + Ss{zi, Z2Y S'^^Z^., Z4)Ss{Z:i, 2:4)} 

-\{hh){f2h) {Ssiz,, z,)S's{z,, z^)Ss{z2, z,f + Ss{z,, Z,fS's{z2, z,)Ss{z2, z,)} 

-^(/l/4)(/2/3) {Ss^Zi, Z4)S'i,{zi, Zi)S5{z2, Z^Y + Ss{zi, Z4fS'g{z2, Z2)Ss{z2, Z3)} 

+ (/l/2/3/4) {S'siZi, Z2)Ssiz2, Z^)Ss(Z';i, Z^)Ssiz4, Zi) 

+ Ss{Zi, Z2)S'^{Z2, z-i)Ssiz-i, Z4)Ssiz^, Zi) 

+ Ss{Zi, Z2)Ssiz2, Z3)Ss{z-i, Z4)SsiZi, Zi) 

+ Ss{zi, Z2)S5iz2, Zs)Ssiz3, Zi)Ss{z4, Zi)} 
+ {hhf2h) {S'i{Zi, Z^)Ss{z^, Z2)Ss{z2, Zi)Ss{Zi, Zi) 

+ Ss{Zi, Z'i)S'^{Z'i, Z2)Ss{z2, Zi)Si{z4^, Zi) 

+ Si{Zi, Z'i)Si{Z'i, Z2)S's{z2, Zi)Ss{z4^, Zi) 

+ S5{zi, Z^)S5{z^, Z2)Ss{z2, Z4)Ss{z4, Zi)} 
+ {hf2Uh) {S's{Zi, Z2)Ss{z2, Zi)Ss{z^, Z'i)Si{z^, Zi) 

+Ss{Zi, Z2)S'^{Z2, Z^i)Ssiz4, Z^)S5{zs, Zi) 

+ Ss{zi, Z2)Ssiz2, Z.i)Ss{z4, Z3)Ss{z3, Zi) 

+Ss{zi, Z2)Ss{z2, Z4)Ss{z4, Z3)Sg{z3, Zi)} (7.12) 



7.4.2 Formulas in terms of the integrated X15 and I 
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Next, wc carry out the sum over spin structures against Z[6]. For this we need the following 
integrated versions of the sums /15 and Iiq introduced in section §3.2, 

2^15(^1,^2,^3,^4) = ^ J ii{w) Ii5{w; Zi, Z2, Z3, Z4) 

Tm{zi,Z2,Z3,Z4:) = ^ J n{w) Iie{w]Zi,Z2,Z3,Z4), (7.13) 

and their cyclically permuted versions and 

Xf5(l,2,3,4) = Xi5(l,2,3,4)+Xi5(2,3,4,l)+Ti5(3,4,l,2)+Xi5(4,l,2,3) (7.14) 
2f6(l,2,3,4) = Ti6(l,2,3,4)+Ti6(3,4,l,2). (7.15) 
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Here we have abbreviated Zi by i. Using the definitions of and T[^, the previous 
expressions for I]5 2[5]Wi[5] reduce to^ 

Y^mm^] = +^(/l/2)(/3/4)X[6(l,2;3,4) + l(/i/2/3/4)Xf5(l,2,3,4) 
+ ^(/l/3)(/2/4)X[6(l,3;2,4) + i(/i/3/2/4)Xf5(l,3,2,4) 

+^(/i/4)(/2/3) 4; 2, 3) + \{hf2Uh) Xf5(l, 2, 4, 3) (7.16) 

To arrive at an expression in terms of the kinematic factors K and Cy, we introduce the 
symmetrized versions of X15 and Tig 

3Xf5(l,2,3,4) = Jf5(l,2,3,4)+Xf5(l,3,4,2)+Xf5(l,4,2,3) (7.17) 
3Xf6(l,2,3,4) = Xf6(l,2;3,4)+Xf6(l,3;4,2)+Xf6(l,4;2,3). (7.18) 

as well as the following antisymmetrized versions 

3X,^5(1,4|2,3) = Xf5(l,2,3,4)-Xf5(l,3,2,4) (7.19) 
3X^6(1,412,3) = Xf6(l,2;3,4)-Xf6(l,3;2,4). (7.20) 

The quantities X^, Xfg, Xj^, X[^, Xfg, Xj^ satisfy many important identities. Leaving 
temporarily their full description and derivation to the next section, we note that these 
identities imply that Xfg and Jfg are invariant under all permutations of the 4 points, that 
the following inversion formulas hold, 

Xf5(l,2,3,4) = Xf5(l,2,3,4)+X{|(2,l|3,4)+Xi|(l,4|2,3) 
Xfg(l,2;3,4) = Xfg(l,2,3,4)+Xiii(l,4|2,3)+Xiij(l,3|2,4) (7.21) 

and that we also have 

Xf5(l,2,3,4) = -2Xf6(l,2,3,4) 

Xi|(l,4|2,3) = -X^^g(l,4|2,3). (7.22) 
Combining all, we obtain the following formula, 

Y^Z[5]W^[5] = +^irxfg + lcT(l,2|3,4)Xi^g(l,2|3,4) 

+ ^Ct(1,3|2,4)Xi^6(1,3|2,4) 

+ icT(l,4|2,3)Xj^6(l,4|2,3) (7.23) 

This gives formulas ()6.8p . and ()6.9p . 

^Care is needed in obtaining the correct sign upon identifying the corresponding Z15 or Iiq factors. 



33 



7.5 Contributions from 3^3 and 3^4 

To 3^3, the contributions of length 1 are with a 0-cycle, a 2-cycle and a 3-cycle, which 
vanish hj Ii = I2 = I3 = 0. The contributions of length 2 are with a 0-cycle and a 2-cycle 
and vanish by /4 = Is = 0. Finally, the contributions of lengths 3 and 4 are with 0-cycles 
only and vanish by Iq = Ij = 0. Thus, the full 3^3 vanishes. 

The arguments for 3^4 are analogous. At length 1, we have a 0-cycle and a 2-cycle, 
which vanish by Ii = I2 = 0. The contributions of lengths 2 and 3 are with 0-cycles only 
and vanish by = = 0. Thus, the full 3^4 vanishes. 

7.6 Contributions from 3^5 

The entire contribution to 3^5 is proportional to fi, which is proportional to Ss{qi,q2)- As 
a result, upon summation over S, the contributions with a 0-cycle, a 2-cycle and a 3-cycle 
cancel by Ji = J2 = /3 = respectively. There only remain the contributions from two 
2-cycles and one 4-cycle, which yield In and /12 respectively. But these quantities were 
evaluated in Wq and yield a kinematical factor proportional to K, 

= l2oKj:^^{z,)(Q{pJ)Y[e^'^--^^A Y[uj{z,) (7.24) 

S j=l \ j=l I i=l 

This object is a (1,0) form in 3 of its Zi assignments but a (0, l)-form in the remaining 
fourth one. 

It is at this stage that we can isolate the Dolbeault 9-exact form. Since each contribu- 
tion above contains the combination fiZi^'uj{zi), we can rewrite this factor as dz^Alzi) in 
view of the equation (jl.llj) and obtain 

j:z[6m6] = ^zoky: rfzA-YA(z,)(Q(p/)ne^'^"^^'^^)n^(^.))- (7-25) 
5 ^ j=i ^ j=i ^ 

This is the desired formula ()6.12|) . 
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8 Integrals of /15 and Iiq against ft 



In the last section, we made use of certain symmetry properties and relations between Xfg, 
X^, Xfg, to derive an intermediate formula for the contribution 3^^. In this section, we 
establish these relations. To do so, we shall express these integrals in terms of the following 
simpler integrals X and J7q, with a = 1,2, defined by, 

I{zi,Z2,Z3,Z4) = ^ f flu,'"^{wYl^^{w]Zi,Z2,Zs,Z^) (8.1) 
Ja{Zi,Z2,Z3,Z4) = ^Zqw{zi)w{z2) [ flnj"" W G{z3; Z4, Zi, Qa, w)G{z4; Z3, Z2; Qa, w) 

Zn J 

Recall that G{z; Z\,Z2 \ q, w) is the Green's function in z, with poles at z = Zi and z = Z2, 
and zeroes at z = q and z = w, appearing in the evaluation of J15 and Iiq in section §3. 
Clearly, the functions X and JTq, satisfy the following symmetry properties 

X(1,2,3,4)=X(2,1,3,4) = X(l, 2, 4, 3) = X(2, 1, 4, 3) 

X(l,2,3,4) = X(2,l,4,3). (8.2) 



8.1 Evaluation of the Integral I 

We express X in terms of the function A{w), using the equation ()1.1H) . Since A(w) is a 
single-valued and smooth function for smooth fi, we can integrate by parts, and we have 

I{zi,Z2,Z3,Z4) = -^Zow{zi)w{z2) J A{w)dyr,l^w{w)G{z3;zi,Z2;qi,w) 



xG{z4;Zi,Z2;q2,w) + {qi ^ q2)^ (8.3) 



Inside the braces, the first G-factor has a simple pole in w at q2, but is regular at gi, while 
the second G-factor is regular at q2, but has a simple pole at qi. The prefactor zu{w) kills 
both poles. Thus, only the double poles remain at zi and Z2- 

To compute the integral, we need the asymptotics of G, near 2, which is given by 

G{x;zi,Z2;qa,w) = -( — ^ l-dlnw{zi)\ + 'y{x; zi, Z2;qa) 

\w — zi 2 / -culzi) 

G{x;zi,Z2;qa,w) = +( — ^ l-d\nw{z2)) - --/{x; Z2; zi, q^) (8.4) 

\w — Z2 2 / W[Z2) 

up to terms which are @{w — zi) and &{w — Z2). The finite part 7 may be evaluated for 
example by representing G in terms of the prime form and its derivatives. 

G{z; Zi, zf, qa, w) = Tij{z) - . nj{w) - ,x ^»i(ga) (8.5) 
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where the Abehan differential of the third kind is defined by 

E{z,Zi) 



The finite part is now given by 

A(x,Zl) W(x) , / / xir-,/ \^ 

^{x; zi; Z2] Qa) =ri2{x) - — zmiqa) H --^d^^ln [w{zi)2 E{zi, Z2) (8.7) 

A[qa,Zi) 'cu[zi) V / 

To evaluate the integral giving X, we use the asymptotic behaviors at the poles zi and Z2 
and we find, We then have a fairly economical way of recasting the result, 

I{zi,Z2,Z3,z^) = -2pidA{zi) - 2p2dA{z2) (8.8) 
+ A(2;i) p4 7(2:4; zi; Z2; q2) + A(^i) Ps 7(2^3; Zi, Z2\ qi) 



+A{z2) P4l{z4; Z2; zi; q2) + A(z2) Pa 7(^3; ^2; ^1; gi) + (gi ^ ^2)- 

where we have introduced the following abbreviation, 

p, = Zol[w{zj) (8.9) 

8.2 Evaluation of the integrals J7q 

To evaluate JT^, we express fi in terms of A, using and integrate by parts in w, 

Ja{zi,Z2,Z3,Z4) = -^ZqW{Zi)w{z2) J A{w)dis^rZj{w)G{z3; Z4, z^, q^,, w) 



xG{z4;z3,Z2;qa,w)^ (8.10) 



This time, simple poles arise in w at Zi, Z2- The first G factor also has a pole in w at 2:4, but 
the second factor has a zero there. Conversely, the second G factor has a pole dX w = z^ 
but the first G factor has a zero there. There is also a simple pole at = —qa + 2A + 2n. 
The residue at qp is given by ()4.9|) and ()4.10|) . and the fact that, 

hm zu{w)G{z]pi,p2;qa,w) = diu{qf3)— — — (8.11) 

w{p2)A{qf3,pi) 

Putting all together, we have 

>Ja{zi, Z2, Z3, Z4) = — A(2;i) p4 G{Z4; Z3, Z2; qa, Zl) — A{Z2) Ps G{Z3] Z4, Z\\ qa, Z2) 

-ZoA(g^) dw{qp) c} A(zi, Z4)A{z2, z^) (8.12) 
where the following combinations are defined by. 



4 = , 8.13 



and are independent of u and v. 
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8.3 The Integrals T15 and Tie in terms of X and 



a 



In section §7, equation ()7.13|1 . we introduced X15 and Xig, which are integrals of fi against 
/i5 and Jig. Using the definitions of I and JTq,, they take the form, 

Ji5(l,2,3,4) = +J(1,2,3,4)+ 5] (X(l,2,3,4)-X(2,l,3,4) 
Ji6(l,2,3,4) = -X(l,2,3,4)- 5] (X(l,2,3,4) + X(2,l,3,4)) (8.14) 

a=l,2 ^ ^ 

8.3.1 Evaluation of the Symmetrized Integrals Xf^ and Xfg 

The symmetrized forms Xfg and Xfg are easily evaluated using ()8.14|1 and the fact that 

^ J,(a(l),a(2),a(3),a(4)) = (8.15) 

and we obtain, 

Xf5(l,2,3,4) = -2Xf6(l,2,3,4) (8.16) 
as well as the following explicit form, 

Xf6(l,2,3,4) = -^(^X(l,2;3,4)+X(l,3;2,4)+X(l,4;2,3) 

+X(3, 4; 1, 2) + X(2, 4; 1, 3) + X(2, 3; 1,4)). (8.17) 

8.3.2 Evaluating the Antisymmetrized Integrals X^ and Xj^ 

The antisymmetrized combinations are somewhat more involved. After some simplifica- 
tions, using the symmetries of X and JT^, and the identity ()8.15p . we derive the relation, 

Xii(l,4|2,3) = -X,^6(l,4|2,3) (8.18) 

and 

3Xiii(l,4|2,3) = -X(l,2;3,4)-X(3,4;l,2)+X(l,3;2,4)+X(2,4;l,3) 

- (ja(l,2,3,4) + J-„(2,l,3,4) + J-„(3,4,l,2) 
0=1,2 ^ 

+X(4, 3, 1, 2) - X(l, 3, 2, 4) - X(3, 1, 2, 4) 
-X(2,4,l,3)-X(4,2,l,3)) (8.19) 
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9 First Cancellation: Terms Involving Ct 



We begin now the evaluation of the holomorphic amphtude Ti. As outhned in section §6.4, 
the evaluation will involve two specific cancellations and one recombination mechanism. 
The first is conceptually the easiest, since it will turn out to involve only gauge slice 
independent quantities. We treat it in this section. The key ingredient is the evaluation 
of the integral X^, which, in view of dHUl), also determines 1^^. In (Km . Xf^ IS given m 
terms of the basic integrals X, calculated in ()8.8|) and J'a, calculated in ()8.12|) . It will turn 
out that a key ingredient is the gauge slice independent combination A(gi) — A(g2), which 
we evaluate first below. 

9.1 Evaluation of A{qi) — A{q2) 

It has been pointed out earlier that, under a change of Beltrami differential by a vector field 
v^, the function A{z) defined up to an additive constant by the equation (jLlip changes 
by zu{z)v^{z). Since to^z) vanishes at qi and q2, it follows that the quantity A(gi) — A(g2) 
does not depend on the choice of Beltrami differential within its equivalence class, we can 
write 

A(gi) - Afe) = / fi{w)w{w)G{w]qi,q2]p[,P2) (9-1) 

where the Beltrami differential n is defined by ()2.1()j) . and the points p'i,P2 are arbitrary 
generic points, upon which the integral is independent.^ 

It is manifest that fi is integrated against a single-valued holomorphic 2-form in w, 
which confirms the independence of A(gi) — A(g2) of the choice of slice for fi. We can 
evaluate it by expressing the holomorphic 2-form in terms of wjUj, and then making use 
of the defining equation ()2.10|) for fi. However, since the answer is known to be gauge- 
independent, we can proceed faster by taking /i concentrated at 3 generic points pa, 

(1(2 3 

Kw) = ^J2f^aS{w,Pa) (9.2) 
a=l 

Inverting the matrix ujUj^Pa), we get that /Xq = zUa{qi, ^2) in the notation of |21lll- Their 
explicit form, for arbitrary points qi, and q2 is helpful and given as follows, 

1 A(gi,p2)A(g2,P3) + A(gi,P3)A(g2,P2) 
2 A(pi,p2)A(pi,p3) 

^Choosing p'i,P2 G {<Zi,'?2} would not constitute a generic choice and results in a singularity in G. 
Thus, one cannot simply choose fi to be supported at qi,q2- 
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^ 1 A(gi,pi)A(g2,P3) + A(gi,p3)A(g2,Pi) 

2 A(p2,Pl)A(p2,P3) 

^ 1 A(gi,pi)A(g2,P2) + A(gi,p2)A(g2,Pi) . . 

2 A(p3,Pi)A(p3,P2) ^ ^ ^ 

With this choice, the general expression for A(gi) — A(g2) is given by 

A(gi) - A(g2) = —^^l^a^iPa)G{pa; qi, q2;p'i,P2) (9-4) 

The arbitrary points in the Green function may be chosen conveniently as follows, p[ = pi 
and P2 = P2, so that in the sum over a only the value a = 3 is non- vanishing. The result is 

Mil) - = —^fJ^3^{P3)G{p3; qi, ?2;Pl,P2) (9.5) 

It remains to calculate the combination 

l^3^{P3)G{p3;quq2;Pi:P2) = ^"T? VXT ^ ^yP^) 

2A{pi,ps)A{p2,P3) 

'^(P3 -qi-q2+Pi+P2~ A)E{p3,pi)E{ps,p2)E{qi, q2)(T{p3) 

^(-?2 +Pi +P2 - A)E{p3,q])E{p3,q2)E{qi,pi)E{qi,p2)(T{qi) 

It is readily checked that this expression is a well-defined, single- valued and holomorphic 
scalar in each p^, and must thus be independent of all Pa- Independence of pa allows us to 
choose alternatively pa = qi and ps — q2, which yield in turn, 

lim l^3^{p3)G{p3;qi,q2]Pi,P2) = +—dw{qi) 

P3— >9l C2 

\im^li3w(p3)G{p3;qi,q2;pi,P2) = -^^dw{q2) (9.7) 
Here, we define Ci and C2 by 

^(z) = c«A(g„,^) (9.8) 
In particular, we obtain the following useful identity, 

cldw{qi) + cldw{q2) = 0. (9.9) 
Assembling all pieces, we obtain the formula 

A(gi) - A(g2) = -^1^^(51) = +^^^^(^2)- (9-10) 
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9.2 Remarks on Singular Choices of fi{z) 

As an aside, we discuss pitfalls associated with choices of supported at points pa, 
with Pa tending to the g^. These choices can lead to apparently contradictory statements, 
which would have to be sorted out very carefully in order to arrive at a reliable answer. 

For example, a first choice of the points Pa is the following. Let qi and q2 at first be 
arbitrary points (not the zeros of a holomorphic (l,0)-form) and let pi qi and p2 —>■ q2- 
Using the formulas ()9.3|1 . we then have 

_ l A(g2,P3) _ 1 A(gi.P3) _ 1 A(gi,g2)A(g2,gi) . . 

2A(gi,p3)' 2A(g2,P3)' 2 A(p3, gi)A(P3, ^2) ' ^ ' ^ 

Taking now the limit where qi and q2 become the distinct zeros of a holomorphic 1-form, 
and using again the definitions of C/3, we obtain, 

1 Ci 1 C2 , , 

^^l = ~ f^2 = ~ /i3 = 0. (9.12) 

/ C2 Z Cl 

However, we can also consider the following second choice. Let qi and q2 from the 
outset be the zeros of a holomorphic 1-form (i.e. unitary gauge). Then, Cljj — Qjj is rank 
1 only. Now, in ()9.3|) . let pi ^ qi, then we get instead 

/ii = - /X2 = /i3 = (9.13) 

C2 

Clearly, this results in a very different formula for the amplitudes 3^j's. 

Another manifestation of subtleties with special choices of points pa for the support 
of fi is perhaps even easier to see: if one sets pi = qi and p2 = q2, then fizu vanishes 
identically. Thus A.{z) also vanishes identically, contradicting the formula which we just 
obtained for A(gi) — A(g2)- 

Thus a reliable outcome is guaranteed only if a smooth ^{z) is used, as long as there are 
terms either involving an un-integrated n{z) appears (such as the corrections V^'^\z) to the 
vertex operators), or involving fi{z) integrated against meromorphic correlation functions 
(such as in 3^2)- Only after all such terms cancel, and when only terms involving integrals 
of fi{z) against holomorphic 2-forms remain (as in the calculation of A(gi) — A(g2) in the 
previous subsection), can one choose fi{z) to be supported at special points. 

9.3 Evaluation of the Coefficient ZQCiC2d-nj{qi)w{q2) 

First, we observe that, if we view the surface S as a double cover of the sphere, then the 
factor ZQCiC2dw{qi)zu{q2) is actually a well-defined scalar function on the sphere. This is 
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because it is symmetric in qi and q2, has no monodromy when qi and q2 go around the 
same cycle with opposite directions, and its tensor weight works out to be 0, when the 
tensor weights of all factors are taken into account. Alternatively, we shall see shortly from 
the relation below that it is also a coefficient of proportionality between 4|2, 3) 

and A(l, 4)A(2, 3). Now Iiq is a scalar in the underlying parameters qi and q2, since the 
components Z[6] and Ss{qi,q2) of lie are forms of weights —3/2 and 1/2 respectively in 
each of these variables, and the Beltrami differential fi{z) should be viewed as valued in 
the tensor product o(S) ® Tf o(S). Integrating Jig against fj,{z) results then in a scalar 
function, which descends on the sphere, since it is symmetric in qi and q2- From the 
expression of ZoCiC2dzu{qi)zu{q2), it is holomorphic, and thus it suffices to evaluate it at a 
single point. 

We begin by deriving a more convenient formula for w{w), using ()A.21jl in which we 
set ri = qi and then take the limit P2 = w. One gets, 

^ ' E{z,q^)E{z,w)a{z) ^ ' 

It is now straightforward to take the derivative at qi and we obtain, 

dw{qi) = 



^27r»K'(gi-A) ^(gl)^(2gi - ^1 - A) 

a{zi)E{zi,qiy 
a[z2)E{z2,q2y 



(9.15) 



To evaluate the coefficients c^, we proceed from ()2.14|1 and set pi = z, p2 = qi and let 
Wq ^ z, so that we get 

Z^A{z,q2) = +zu{z)aiq2)e-^''''''^''-'^^ (9.16) 
which yields the following equations for the coefficients Cq,, 

ci = +ZV(gi)-ie2"''''(''i-^) 

C2 = -ZV(g2)"'e2'^*"'(«^-^) (9.17) 
Assembling the following products, we get 

c,c.fe(,os-(*) = zv"'' "'f\";\'f''''g;/'"t' (9.18) 

cr{zi)a{z2)E{zi, qi)^E{z2, q2Y 
The '(9-functions may be evaluated using ()2.14|) where ri = ^2, ^2 = ^1, and ^-3 = gi, and 
then using qi + q2 = 2 A + 2k, and finally by interchanging qi and q2- We obtain. 



^{,q2 - gi + ;zi - A) = d{2qi - 21 - A - 2k) 



^^a{qi)E{q2, qi)E{zi, gi)A(g2, Zi) 



a{q2)a{zi)E{q2,Zi 

^{qi -q2 + Z2-A)= i3{2q2 - Z2 - A - 2k) -- 



.^a{q2)E{qi, 52)^(^2, g2)A(gi, Z2) 



cT{qi)a{z2)E{qi,Z2) 
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Since 2k is a full period, we may use the periodicity of the '(^-function, 

i?(C - 2k) = ^(^)e-4-«'f^-'+4-K'C (9,19) 

Multiplying both, one finds. 



^ ryQ E{qi, q2fE{zi, qi)E{z2, g2)A(gi, Z2)A{q2, Zi) 
a{zi)a{z2)E{zi, q2)E{z2, qi) 

Combining all these results, we get 



(9.20) 



^ ...... Zb e^-'(-i+-^-^^)Z^4A(gi, Z2)A{q2, z,] 

ZoCiC2dw{qi)dxxj{q2) = y ^ (9.21J 

na=i,2 \ cr{zaya{qc)^E{za, qi)E{za, q2) 

As a check, one may use the monodromy transformations of the prime form in ()A.16|1 and 
of a in ()A.22|) to check that this expression is indeed independent of Zi, Z2 qi and q2- 

Given that ()9.21|) is independent of Zi, Z2 qi and q2, we may evaluate it by taking the 
limit q2 — > qi which is smooth. Since qi + q2 = 2 A + 2k, we take k = z/i to be any odd spin 
structure, so that qi, q2 —>■ pi = A + ui. The above result simplifies further and we have, 

ZoCiC2dw{qi)dw{q2) = f -,2 f \2 r \4j?f ^T^f ^^ ^-22 

a{ziya{z2y(T{pi)^E{zi,piyE{z2,Piy 

To evaluate this combination, we let zi and Z2 also tend to branch points zi ^ P2, and 
Z2 ~^ Ps, with pi,P2,P3 all mutually distinct. All ingredients may now be expressed in 
terms of the following quantities, which were calculated in eqs. (3.9) and (3.14) of jlj, 

A{pi,Pj) = -M;;l^^uj^XPj)^yAPi) 

E{P1,P2)~^ = UJ,y,,{pi)uJ^^{p2) 1^[iy3]{pi - P2y^ 

EiPuPsy = co,Muj,,{ps)^[u2]ipi-p3)-' (9.23) 
Putting all together, we have 

Z,c,C2dMq^)dr.{q2) = -Co CtClCle'--^^^'^^^ Zi^'^^'^^^tw ^^-^^^ 
Using the expression for Zb and the product relation for A^jj's, derived in §4.2 of 

Ml^Ml^Ml^ = T^^H[u^ + U2 + z/3](0)%io (9.25) 
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we find that the ratio factor on the rhs of ()9.24|) equals to 1. The remaining factors are 

Ci = exp{— Z7rz/j'i7z/- — 27rzz/j'z/f} i = 1,2,3 

Co = %i + ^2 + ^3](0r .926) 

The calculation of Cq is routine. The result is 

Co = exp{+4'n'ii'[Qi'[ + 27riz/2fiz/2 + 2Tiiv'^VLv'y^ — A'Kii'[Q{i'2 + u'^) 

- u'^ - Amu'^iu'l - u'^)} (9.27) 

Putting all the exponential factors together, we get 

- Co CfC|C|e^"^^i(^2+'^^) = 1 (9.28) 

and we finally obtain, 

ZoCiC2dw{q{)dw{q2) = +1. (9.29) 

9.4 Evaluation of the Antisymmetric Integral Xj^ 

We start from the expression ()8.19|) for Tj^ and make use of the explicit expressions for I 
and Ja in ()8.8|) and ()8.12|) . The derivative terms dK of ()8.8|) cancel out in the combination 
of I that enters (j8.19j) . The remaining terms are proportional to A(z) with i = 1,2,3,4 
and to A(ga). The result is 

4 

3Ji^6(l, 4|2, 3) = J2 ^^M^) - 6A(1, 4)A(2, 3)Zo J2 Kqp)dw{qp)cl (9.30) 

1=1 13 

We first concentrate on the terms in A{i). Given the symmetries under the interchange of 
vertex points in Xj^, it suffices to compute the coefficient of a single A{i) term, say A(l). 
The coefficient for A(l) is given by 



ai = Hi- P47(4; 1, 2; Qa) - P37(3; 1, 2; g„) + p47(4; 1, 3; g^) 

+P27(2; 1, 3; - p4G'(4; 3, 2; g„ 1) - p3G'(3; 4, 2; 1) 

+P4G(4; 2, 3; g„ 1) + p2G'(2; 4, 3; 1)| (9.31) 

Working out these expression in terms of Abelian differentials, using ()8.7|) . we have 



ai = 2pir23(l) + 2p2ri4(2)-2p3ri4(3)-2p4r23(4) 



+ E 



A(4,l) , , A(3,2) , , 
A(gc., 1) A(g„,2) 
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(9.32) 



It is readily checked that di is a well-defined, single- valued holomorphic 1-form in each Zi. 
For example, the simple pole in zi — z^ from the first two terms has residue 2pi — 2p2 which 
vanishes at z\ = Z2. Also, the apparent poles when Zi — > are cancelled by the p4 and pa 
factors, each of which contains a factor of wi^Zi) which vanishes as Zi — > q^- The absence 
of monodromy in the Zi should of course follow since the starting point was a single- valued 
expression, but it may also be checked explicitly on the above formula. 

Using the above result that d\ is a single- valued holomorphic 1-form in each Zj, and 
using antisymmetry of d\ under the interchange of 1 and 4 as well as under the interchange 
of 2 and 3, it is clear that the entire Zj-dependence must be proportional to A(l, 4)A(2, 3). 
The same holds for each factor di. 

di = a,A(l,4)A(2,3) (9.33) 

Here, Oj is now Zj-independent and, for i = 1 is given by 

aiA(l, 4)A(2, 3) = 2pir23(l) + 2p2ri4(2) - 2p3ri4(3) - 2p4r23(4) 

+ E 



■ A(4,l) , , A(3,2) , , 

P4-r7 7TT-23 + Ps-T? ^^14 W« 

. A(gc.,l) A(g«,2) 



(9.34) 



The points Zi are arbitrary, so the 2;j-independent coefficient may be determined by choos- 
ing convenient special values for which A(1,4)A(2,3) 7^ 0. We choose z^ = qi, so that 

aiA(l,gi)A(2,3) = -p4r23(gi) + P4^7^r23(g2) 

A(g2,l) 

Af3 2) 

+ta(l)u7(2) ^; ' ' lim tzr(z4)ri4(gi) (9.35) 
LS.[qi, zi-^Qi 

The limit is readily evaluated and equals dw{qi). Using p4 = -07(1)^(2)1^(3) and (j9.8p . as 
well as a simplification by an overall factor of A(l, gi), we obtain 

aiA(2, 3) = w{2)w{3) (c.r^siqi) - 02X23(^2)) + c?A(2, 3)dw{qi) (9.36) 

The points 2 and 3 being still arbitrary, we make the choice z^ = qi, 



aiA(2,gi) = Ciw{2) Mm w{zs)T23{qi) + clA{2,qi)dzu{qi] 

2 



= cizu{2)dza{qi) + cf A(2, qi)dw{qi) = (9.37) 

Hence the coefficients and thus di all vanish. As a result, we obtain 

2 

Ji1;(l,4|2,3) = -2A(l,4)A(2,3)Zo5:A(g^)49t^(g^) (9.38) 

13=1 
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Finally, we assemble this with the relation ()9.9p between the c^uj{qa) for a = 1,2 and the 
formula ()9.10|) for A(gi) — A(g2) to obtain, 

Iteil, 4|2, 3) = ^A(l, 4)A(2, 3)ZoCiC2dwiq,)wiq2). (9.39) 
Using now the value of the overall normalization factor ()9.29p . we find 

1^1, 4|2, 3) = ^A(l, 4) A(2, 3). (9.40) 
9.5 Cancellation of the kinematic invariant Ct 

With the formula for Xj^ which we just obtained, it now clear that the result ()6.9|) holds, 
and that, using also ()6.3p . the equation ()6.2U|) is verified, and thus all the terms involving 
the kinematic invariant Ct cancel.^ 



That this cancellation should occur was suggested to us by John Schwarz. 
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10 Second Cancellation: Terms Involving dh[z) 



In this section, we show that the contribution arising from the fermionic stress tensor 



which is proportional to the symmetric kinematical invariant K, namely 1^5 -2[(5]3^f^, is 



cancelled by the de Rham (i-exact counterterms from I]5^['^]3^5- 

From (j7.23|) . it is clear that the entire contribution Z]<5 ^['^]3^li/, is proportional to Xfg, 
which in turn is proportional to the symmetrized version of the integral X, as given in 
f)8.17|) . We recall these formulas here for convenience, 

Tf6(l,2,3,4) = -^(^J(l,2;3,4)+J(l,3;2,4)+J(l,4;2,3) 

+J(3, 4; 1, 2) + J(2, 4; 1, 3) + X(2, 3; 1, 4)) (10.1) 

where the function I has been calculated in (j8.8|) . and was found to be given by 

J(zi, 2:2,^3,^4) = -2p^dA{z^) - 2p2dK{z2) (10.2) 
+ |a(zi)P47(2:4; Zi] Z2] qi) + A(2:i)p37(2;3; Zi, Z2; qi) 

+1^{z2)pa'i{za] Z2\ zi] qi) + A(2:2)p37(^3; Z2] zi] qi) + (gi ^ ^2) 
where we use of the following notation, 

7(x;pi;p2;ga) = ri2{x) - ^/^'^^^ ri2(ga) + ^tT^pi In (w{pi)^ E{pi,p2)) (10.3) 
The effect of the symmetrization is given as follows, 

Tf6(l,2,3,4) = ^(^2p,9A(^,)-iA(2;,)F,(2;i,Z2,^3,^4)). (10.4) 

The Fi are (l,0)-forms in each Zj. It suffices to examine Fi, as the expression for the 
remaining Fi may be obtained as the 3 cyclic permutations of Fi. We find, 

Fi = +P27(2;l,3;gi)+p27(2;l,4;gi) 
+P37(3; 1, 2; qi) + P37(3; 1, 4; qi) 

+P47(4; 1, 2; gi) + p47(4; 1, 3; gi) + (gi ^ g2) (10.5) 
in the notation introduced in section 58.1. 
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10.1 Fi is a single- valued holomorphic 1-form 

It will be useful to write out this object in detail by representing 7 by the above formula, 

Fi = 2p2ri3(2) + 2p2ri4(2) + 2p3ri2(3) + 2p3ri4(3) + 2p4ri2(4) + 2p4ri3(4) 
+2p,di In {w{lfE{l, 2)E{1, 3)E{1, 4)) 

+A(1, 2)ro(3)ro(4) ( ciTi3(gi) + 02X13(^2) + Ciru{qi) + 02X14(^2) 



+A(1, 3)g7(2)u7(4) yCiTuiqi) + C2Ti2{q2) + CiTuiqi) + C2Tu{q2) 

+A(1, 4)w{2)w{3) (ciTi2{qi) + 02X12(52) + CiTi3(?i) + 02X13(^2)) (10.6) 

We claim that Fi is a single- valued, holomorphic 1-form in each zj. It is easy to show 
that all poles in Fi cancel in each of the following limits : Z2 ^ zi, Z2 ^ zs, zi —>■ qi, and 
Z2 — qi- By symmetry in the arguments, all other cases are equivalent to one of these. 
Checking cancellation of the monodromies is slightly more involved. Monodromies around 
homology cycles Aj are manifestly zero. Under zi ^ Zi + Bj, we have 

Fi Fi + 'S>mp2UJi{2) '&mp^uji{3,) -\- '&mpiUJi{^) - 2i.mpiUJi{l) 

+47ri (c^uiiq^) + C2Ui{q2)] (w{?,)w{A)^{l, 2) + cu(2)cu(4) A(l, 3) 



+ti7(2)ti7(3)A(l,4)^ (10.7) 

To show vanishing, we use the fact that ciCi;/(gi) = C2UJi{q2) and the following relation, 

P4C^/(1) - Pic^/(4) + cicu/(gi) A(l, A)w{2)w{?>) = (10.8) 

The vanishing of the monodromy under Z2 — > Z2 + Bj, is shown with the same tools as for 
the Zi monodromy. 

10.2 Vanishing of Fi at Two Generic Points 

Since Fi is a well-defined single- valued holomorphic 1-form in each of its arguments Zj, it 
is easy to show that it actually vanishes. To do so, it suffices to show that Fi, as a form in 
Z4, vanishes at qi (and thus automatically at ^2) and at Zi. The first is shown as follows, 

C2 C2 

lim Fi = P4Tl2(gi) +P4Tl3(gi) P4Tl2(g2) P4Tl3(g2) 

Z4-^qi Ci Ci 

+ciaro(?i)ro(2)A(l, 3) + ciaro(gi)ro(3)A(l, 2) (10.9) 
This combination vanishes with the help of the following identity, 

w{zi)w{z2) (ciTuiqi) - C2Ti2(g2)) = - cjdw {qi) A{1 , 2) (10.10) 
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Next, we take the limit Z4 ^ zi, which takes the following form, 

A = hm Fi = 2w(2)w(3)di\n(to(l)En,2)E(l,3)] 

+2ro(l)ro(2)ri2(3) + 2ti7(l)ti7(3)ri3(2) 

+tu(2)A(l, 3)(ciri2(gi) + Canafe)) 

+Ti7(3)A(l, 2)(ciri3(gi) + canafe)) (10.11) 

In a manner completely analogous to the one used for the original Fi , one easily shows that 
Fi is a well-defined, single-valued holomorphic 1-form in each of its arguments 2:1, ^2, ^3- 
Finally, we show that Fi vanishes by evaluating it as z^ qi and z^ ^ z^. The latter is 
immediate, while the former holds by 

lim A = w(l)cu(2)(ri2(gi) - -nsfe)) + A(l, 3)ci9ro(gi) = (10.12) 

This completes the proof of the fact that Fx is a single- valued, holomorphic 1-form in ^4, 
which vanishes at q\ and Zi, and must therefore vanish identically, since the points q\ and 
z\ are generic and independent. As a result, we have Fj = for i = 1,2,3,4 and we are 
left with the following simple result, 

Tf6(l,2,3,4) = 2^p,9A(^,), (10.13) 

i=l 

or, altogether after replacing pi by its definition pi = ZQUj^i^u^Zj), 

Jf5(l,2,3,4) = -2Jf6(l,2,3,4) = -4Zo^9A(zi) l[r^{z,) (10.14) 

i=l j^i 

which, together with ()7.23|) yields ()6.8p . 

10.3 Cancellation of 3^25 the dA{z) counterterm 

Recalhng the formula ()6.8p . which was just established, it follows immediately J^s ^[^jyitp 
cancels the counterterm proportional to dA{zi) in the formula (j6.19|) for the holomorphic 
amplitude Ti. This is the second cancellation announced earlier in ()(i.21|l . 
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11 Recombining Mechanism of the tu, /i, and A 



We come now to the remaining three terms in the expression ()6.19j) for the holomorphic 
amphtude 7i, whose origins are respectively the insertions of the two supercurrents from 
3^1 when the two fermions in the supercurrents are contracted with one another, the de- 
formation of complex structures resulting from the bosonic stress tensor in 3^2x; and 
the A{z) part of the counterterms in 3^5 arising from completing the de Rham d-exact 
differentials. The explicit expressions are as follows, 



^ j \ I I i+j 

The first term depends on the gauge choice voi^z)^ while the other two terms depend on 
both the gauge choices w{z) and /ij^. Note that the points q\ and depend on w{z\ 
while A(2;) depends on both wi^z) and /tj^. We shall show now how all these gauge choices 
cancel, upon summing the above three terms, leading to a gauge-independent formula for 
the holomorphic amplitude l-i. 



11.1 Terms bilinear in j9/ 

These arise in the above contributions and y^x^ from the contractions of with 
Q{pi)- We use the contraction formula 

QiPi) dx^^z) = 27rp>iui{z)Q{pj) (11.2) 

and obtain the following contributions. 



I I i 

Uj(Zi) 



3^2. - j^ZoK J fiiw)An'p^p''jUjiw)iUjiw)(Qipi)]Je^^^^^^^ 
Using the defining relation ()2.10|) for /i, the sum of these two terms vanishes. 
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11.2 Terms linear in pi 

These terms arise from 3^i, ^2x, and 3^5 and have the following factor in common, 

ZoX^g(p7)ne^*^'-+(^')^ (11.4) 
which we omit to write below. The terms are as follows, 

^'i ■ %('^j(^0^92ln£;(g2,2;j) +a;7(g2)5giln£;(gi,2;j)j ]Ja7(2;i) 

3 ^ 

-^Y^pi ■ kj j fi{w)uJi{w)du,ln.E{w,Zj)'[lw{zi) 

j i 

-m^Pi ■kjK{zj)ui{zj)J\w{zi) (11.5) 

Note that the w-integral in 3^2x is over a single- valued integrand in view of the summation 
over fcj with Yl,j kj = 0. On the other hand, the function A{zj) is defined only up to an 
additive constant. For our present purposes, it is convenient to write it as 

A(^) = A(^o) - ^ / MwMw)d^ln (11-6) 

where Wq is an auxiliary point. Under a change of shce, Sfi{w) = du,v{w), we have 

6A{z) = v{z)w{z) + 5A(wo) - v{wo)w{wo) (11.7) 

To recover the naive transformation law, one would have to require 5A{wo) — v{wo)zu{wo). 

In y2x, the integral of /x(w) is against a 2- form which is single- valued in w, but which 
is not holomorphic, since there are poles at the insertion points zj. These are cancelled 
by the contribution from 3^5. Therefore, it is advantageous to combine y2x and 3^5. We 
shall seek to carry out the integration over w explicitly by recasting the integrand as //(w) 
times a single- valued holomorphic 2- from in w. The starting point is 

y2x + y5^--^j n{w)(j)i{w; Zj,Wo) - i7rA{wo)Y^pj ■ kj Y[ zu{zi)uJi {zj) (11.8) 



where 



^3 



(l)i{w;Zj,Wo) = ■ kjY[uj{zi)[w{zj)u;i{w)dy,lnE{w,Zj) 

3 i^3 



-.,(^,)-(»)a„ln;^^) (11.9) 
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The w-integral still depends on the slice choice of ii{w) since the single- valued 2-form 
4>i{w; Zj, Wq) is not holomorphic, but has a single simple pole at w — Wq, with residue 

• kjYlw{zi)uJi{zj)w{wo) (11.10) 

We define the Green function G2{w,wo) to be of type (2,0) in w and (—1,0) in wq, with 
a single pole at w = Wq, and unit residue. It satisfies, 

dyjG2{w, Wo) = 27r5(w, wq) (H-H) 

This Green function is not unique since one may always add a holomorphic 2 form in w 
without changing the defining equations, but these differences will be immaterial for our 
purposes. We rearrange the above combination as follows, 

(t)l{w] Zj, Wq) = (l)i'\w; Zj, Wq) + G2{w, Wo)t^(wo) ^Pl ' kjUi{Zj) ]J w{zi) (11.12) 

By construction, (f)f'\w; Zj, Wq) is a single- valued holomorphic 2-form in w, 



^f\w; Zj, Wq) = ^Pi ■ kj n Tjj{zi) (^{zj)uji{w)dw In E{w, Zj) 

—uji{zj)va{w)dw In 



E{w, Zj) 



E{w,wo) 

-ui{zj)G2{w,wo)zu{wo)j (11.13) 



Thus, its integral against /i is independent of the choice for /i. Once again, when this is 
the case, it can be correctly evaluated using point insertions for A convenient choice is 

OTT C2 oTT Ci 

As a result, and using ciU!i{qi) — C2U!r{q2), we have, 

l^{w)(j)f\w;Zj,Wo) (11.15) 



Y,Pi ■ kjY['Oj{zi)\ -0Ji{zj) (—G2{qi,WQ) + —G2{q2,WQ)]w{wQ) 

i^j I VC2 Ci / 

+-uj{zj)uji{qi)dq^ In E{q2, Zj) + w{zj)uji{q2)dg^ In E{qi, Zj)^ 
The combination in the last line above is cancelled by yi. Thus we are left with 
^1 + y2x + y5 ^ Y,Pi ■ % (c{wo, qi, ga) - j lJ,{w)G2{w, Wo)zu{wo) 

C{wo,qi,q2) = -2nA{wo) + — — { —G2{qi,wo) -\ G2{q2,wo)]'aj{wo) 

OTT \C2 Ci / 
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Now the choice of A{wo) is at our disposal, and the simplest procedure is to choose it to 
cancel C, namely, 

2^ M^o) ^ ["£1(72(51, Wo) + —G'2(g2, Wo)) - //u(w)G'2(w, Wo) (11.16) 

^{wq) an \C2 Cl /J 

Notice that this choice yields the simple transformation law 6A{wo) = v{wo)zu{wo). With 
it, the terms linear in pi cancel. (Alternatively, A(wo) can be kept arbitrary. In that case, 
it produces a de Rham d-exact differential, when combined with similar contributions from 
the terms of order in the internal momenta pj to be derived later. This de Rham d-exact 
differential can be absorbed in the other de Rham d-exact differentials in the expression 
fO^ for the full chiral amphtude Es 13[6].) 



11.3 Terms independent of pi 

We again omit the common factor ()11.4j) . and denote the corresponding equalities by 
The contractions then yield the following expressions. 



yi ^^'[[zu{zi)'^ki- kjdq^lnE{qi,Zi)dq2liaE{q2,Zi) 



--^'[[w{zi)Y^ki- kj J fj,{w)d^,\nE{w,Zi)dy,liaE{w,Zi) 
3^5 ^ ~^Y.ki-k,Y[^izi)A{zj)d,AnE{zj,Zi) (11.17) 

The combination 3^2 + 3^5 is gauge slice-independent. We regroup terms in terms of the 
2- form in w occurring in the integral over w, 

(j){w;Zi,Wo) = --^'[[w{zi)'^ki- kjdy,\nE{w,Zi)d^\nE{w,Zi) (11.18) 

+ 7- ki ■ kj TT 'Oj{zi)d^ In E{zj, Zi) w[w)d^ In 
47r^ E{w,wo) 

Because of the conservation of momenta J2i fci = 0, is a well-defined, single- valued 2-form 
in w. The poles aX w = zi cancel between the first and the second terms, and only a single 
pole remains at w = wo with residue 

--^Y^h-kj Wzu{zi)d^A\iE{zj,Zi)w{wQ) (11.19) 
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In the same spirit as the manipulations for the terms hnear in pi, we introduce the holo- 
morphic 2-form, 

(j)^^\w;Zi,wo) = (j){w]Zi,Wo) + ■^G2{w,Wo)w{wo)'[[u>{zi)Y,ki ■ kj d^^ In E{zj,Zi) 

(11.20) 

Hence, we have 

3^2. + 3^5 ~ j ^{w)(t)^^\w-ZuWo) (11.21) 

-Qa(wo) + ^w{wq) J fi{w)G2{w,wo)^ Yl^i ■ li^^i^ddzj lnE{zj,Zi) 

Making again the choice (jll.lfi|) as we did for the terms hnear in pi, the last term simplifies, 
and we have 

y2. + y^ - U{w)(l)^''\w-Zi,w^)-^(''-^G2{qi.w,) (11.22) 



327r2 Vc2 

+—G2{q2,Wo))iX){wo)'^ki ■ kj Y[w{zi)dz^nE{zj, Zi) 

Cl 



Since (p^^^ is well-defined, single- valued and holomorphic in w, we may choose /i as we did 
earlier, and compute the ly-integral explicitly. The term involving G2 in pi.20j) cancels 
the entire last term in ()11.22|) . and we are left with 

y2x + y5 -7rr^]J^izi)y2ki- kj {—dqJnE{qi,Zi)dqJnE{qi,Zi) 

647r^ / ij VC2 

+-dq, lnE(g2, Zi) dg. In E(g2, Zi)) (11.23) 
This result nicely combines with 3^i, and may be expressed as follows, 



Y[ (cidqJnE{qi,Zi) - C2dg.,\nE{q2, Ze)) 
e=ir ^ ^ 

In view of the sum "^Ziki = 0, we may let 



X 

£=i,j 



dgJnE{q^,z,)^dgJn§^^ a = 1,2 (11.25) 
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for an arbitrary point Wi. We then use the relation, 

cidg. In — - C2dg, In — = -c^dw{qi) , . , . (11-26) 

E{qi,wi) E{q2,wi) zu{ze)w{wi) 



and, using —cldtu^qi) = +cldzu{q2), we get 

647r 

with 



3^1 + 3^2x + y5-^^ c^C2dw{qi)dw{q2) ys (11.27) 



ys = [[^{zi)2^ki- kj^———^—— 11.28 

I Xj w{zi)w{zj)w{wiy 

Of course, this entire combination is in fact independent of wi. Restoring the factor ()11.4j) 
and using (|9.29|) . we recover the formula of (|1.15|) and (jl.l4|) . 

11.3.1 Alternative formulas for ys 

We may evaluate ys in ()11.2Sjl more explicitly in terms of the Mandelstam variables. 



(ki + k2y = -2ki ■ k2 = -2k3 ■ k 
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t = -{k2 + k^f = -2k2 ■ ks = -2ki ■ ^4 

u = -{ki + ksf = -2ki ■ ks = -2k2 ■ k^ (11.29) 

Since ys in pi.28|) is independent of Wi we may set Wi = 2:4. Using the following simple 
identity, 

ti7(3) A(2, 4) - ro(2) A(3, 4) = ti7(4) A(2, 3) (11.30) 

and permutations thereof, as well as the relation s + t + u = 0, we find 

33^5 = (t-M)A(l,2)A(3,4) + (s-t)A(l,3)A(4,2) + (M-s)A(l,4)A(2,3) 
= +(A;i-A;2)-(A;3-A;4)A(l,2)A(3,4) 
+ (A;i-A;3)-(A;2-A;4)A(l,3)A(2,4) 

+ {ki - ki) ■ {k2 - A;3) A(l, 4)A(2, 3) (11.31) 

which are manifestly totally symmetric under the interchange of any points. One may 
prefer the non-manifestly symmetric form, 

3^5 = -sA(l, 4) A(2, 3) + tA(l, 2) A(3, 4) (11.32) 

Thus we have obtained the desired formula ()6.22|) . 

The derivation of the formulas p.l4|) and ()1.15|) for the gauge-fixed chiral superstring 
amplitude is now complete. 
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12 The 4-Point Function for the Heterotic String 



We shall use a formulation of the Heterotic string in terms of internal chiral worldsheet 
fermions X\z) for J = 1, ■ ■ ■ , 32 For the case of HO = Spin{32)/Z2, all 32 fermions 
have the same spin structure n, while for HE = Eg x Eg, the 32 fermions are split into 
two groups of 16, with the same spin structures ni and k,2 within each group. 

12.1 Correlators of Internal Fermions 

For both HO and HE, the gauge currents are 

f{z) = ^T^jX'X'iz) (12.1) 

where the Tjj are representation matrices of S'0(32) for HO and of the 5*0(16) x 5*0(16) 
subgroup for HE. (Spin fields of 5*0(16) x 50(16) will be required to represent those 
roots of Es X Eg that do not lie within 50(16) x 50(16), but we shall not need them 
here.) The correlator required for the R^F'^ contributions is 

(r (^i)/^(^2))« = \tT{T'^^T'^-)S.{z,,Z2f (12.2) 

The one required for the F'^ terms is more complicated and will depend upon whether we 
consider the HO or HE theory. The first case is when all 4 external gauge particles lie 
within the same gauge group, which is always true for the HO theory. All fermions then 
have the same spin structure k, and the correlator is given as follows, 

(nj"'(^.))K = +\iT{T-'T'^-)ii{T'^^T'^^)S^{z^,Z2fS^{z^,z^f (12.3) 
i=i ^ 

+ itr(T'^^T'^^)tr(T"^T'^^)5«(zi, z^fS^{z2, z^f 

+ltr(T'^iT''^)tr(T'^^T"=')5«(zi, z^fS^{z2, ^3)' 
-tr(T"^T'^^T'^^T'^^)^,(zi, Z2)S^{Z2, ^3)^.(^3, z^)S^{z^, z^) 
-tr{T^iT-'T^'T'^')S,{zu ^2)^.(^2, z^)S^{z^, ^3)^.(^4, ^1) 
-tr(T"^T'^«T'^^T'^^)5«(^i, ^3)5.(Z3, ^2)^.(^2, ^4)5«(^4, ^i) 

The second case occurs only for the HE theory, when two external states (say 1,2) belong 
to the first while the other two (3,4) belong to the second E^. The first group of 
fermions has spin structure ni, while the second will have K2, which are independent of 
one another. Since mixed traces then vanish, we are left with 

(nj"'(^^))«i,-2 = +ltT{T^'T'^^MT^-^T^^)S,M,Z2)'S^,{z3,z,f (12.4) 
i=i ^ 
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The spin structure summations involve, for A; = 1, 2, the following expressions, 

*4fc = E^M(o)'' (12.5) 

K 
K 

K 

Fikizi, Z2, Z3, Zi) = ^d[K]{Qf^Si^{zi, Z2)S^{Z2, Z3)S^{Z3, Z4)S^{z4, Zi) 

K 

(2) 

We recognize \l/4fc as the familiar modular forms of weight 4k. The quantity F^^^ is easily 
computed using the Fay identity, 

S^{z,wy = d,d^\nE{z,w) + uJi{z)ujj{w)didj^[K]{(})/^[K]{0) (12.6) 

Using the heat equation for 'd, we have (9/(9j'i9[/t](0) = 47ridij'd[K]{0), where djj denotes 
the symmetrized derivative with respect to fljj. As a result, we have 

Fi^izi, Z2) = *4fe9^9^ \nE{zi, Z2) + ^uji{zi)ujj{z2)dij'^4k- (12.7) 
12.2 The and F^F^ Amplitudes 

The partition functions for the internal fermions in the HO and HE theories are given 
respectively by 

Zho = miOy' Zhe = ^[K,]i0nK2]i0T. (12.8) 

The correlators of the internal fermions are derived from the general formulas of the pre- 
vious section. The spin structure summed gauge current correlator arc denoted by W. 

For the 0(32) Heterotic string, where all 4 external particles are in the same gauge 
group, and the chiral fermions have the same spin structure k, we have 



i=l 



and hence, in terms of the functions F^l'"^^ and F^l\ 



Wfp9){zi,Z2,Zs,Z4) = +^l^tliT-'T-')tT{T'''T''') Ft''\z,,Z2]Z3,Z4) 

+ cyclic permutations of (234) | 
- |tr(T«^T«^T"^T"^) Ft\zi, Z2, zs, Z4) 

+(3^4) + (2 ^3)|. (12.10) 
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For the Eg x Es Heterotic string, we have to consider two possible cases Wp^^zi, Z2, z^, Z4) 
and yV^2p2){zi, Z2\z3, Z4), corresponding respectively to the case where all 4 gauge particles 
lie in the same £"8, and the case where the gauge particles 1,2 lie in the first Eg, and the 
gauge particles 3,4 lie in the second. In the first case, we have 

Wfp%{z„ Z2, z„ z,) = E ^['^i](0)'^N(Or(ri/'(^.)).. (12.11) 

Ki,K2 i=l 

resulting into 

Wfp%{z,,Z2,Z3,z,) = +^ |tr(T'^^T'^^)tr(T'^«T'^^)^4Ff''H^i,^2;^3,^4) 

+ cyclic permutations of (234) | 
- |tr(T'^iT'^22-''32-a4) <i,^Ft\zi,Z2,zs,Zi) 

+ (3 ^ 4) + (2 ^ 3)|. (12.12) 

In the second case, we have 

Wfp^p2){z,,Z2\z,,z,) = Y: ^K](0)'^9N(0)'(n/'(^^))M,K2, (12.13) 

K,1,K2 1=1 

resulting into 

>V(^f^2)(zi,Z2|z3,Z4) = ^tr(r'^^T'^^)tr(r'^3T'^^) F^ {z^, Z2) F^ {zs, z,). (12.14) 

Now the contribution of the chiral half of the bosonic string in 10 dimensions for 
the exponential part 11^=1 e*'^''^*^^'-' of 4 massless bosons of momenta ki, at fixed internal 
momentum pj, is given by^° 

Znos{z^,k;p^) = Ih^^expU7rp^nup''j + tp'ij:h r cor]l[E{z^, z,f'-'^ (12.15) 

With this convention, we obtain the Heterotic F^ and F'^F'^ amplitudes by combining 
(112. 15|) with the contributions of the internal fermions as described in (|12. 101112. 14p . match- 
ing with the anti-holomorphic contribution from the Type II superstrings at the same in- 
ternal momenta , and integrating out the p^. The net effect of integrating out the p^ is 
to shift the multi-valued expression In \E{zi, Zj)\'^ to the single- valued expression G{zi^ Zj) 
defined in (11.211) . The final expression for the scattering of 4 gauge bosons is then given 
by the formula ()1.22|) quoted in the Introduction. 

^°In assembling left and right chiral halfs, we shall follow the standard convention for Heterotic string 
nomenclature, and identify left-movers = holomorphic = bosonic string chiral half, and right-movers = 
anti-holomorphic — superstring chiral half. 
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12.3 The B?F'^ amplitude 

Next, we consider the scattering of two gravitons and two gauge bosons. Again, for the 
scattering of two gauge bosons, we have two formulas for the correlator W{t'2){zi. Z2) of 
internal fcrmions, depending on whether we consider the Spin{32) /Z2 theory or the Eg x Eg 
theory. They are given respectively by, 

>V(^?)(zi,Z2) = +^tr(T"^T»^)Ff (^1,^2) (12.16) 



and by 



'^fF%i^i,Z2) = +-tr(T"^T"^)^4Ff (;2i,;22). (12.17) 



Putting together left and right moving parts of the Heterotic amplitude at fixed moduli 
and vertex insertion points, but integrating over the internal momenta, we have 



A(l,2,3,4) = >V(^2)(3, 4)3^5(1,2,3, 4)n|i^(^,j)l''"'^^ (12-18) 



X J d20p>v(rt^(i^2) exp{t7rpiQijpj-2t7rpiJ2ki pu;i} 



Here, we have abbreviated the insertion points by their label, i = Zi. The graviton part of 
the bosonic left moving side is given by 



W;S)(1,2) = -6^6^9192 In £;(!, 2)+ [] (27re^P^uJi{e) - tY.e^kfde\nE{e,i)) (12.19) 

To carry out the integral over p, we first introduce the shifted variable p, 

P/ = P7 + {(ImQ)-i}jj ^t^^ r (12.20) 

i ^ 

and use the familiar Gaussian integral formula, 

/rf-pexpj -2xpKMn„ + 6?p?} = p-^i-^exp{!|5{(Imii)-'}„} (12.21) 

In terms of the single- valued scalar Green function G{z,w), the above integral may be 
re-expressed as follows, 

/ d^V W(52)(l,2) expj - 27rp,pjImQ,j - Ai^piY^hl^ f^i] IT \E{h 3)\''^'-^^ 
■' ^ i •' ^ i<j 

- (detImf])-^W(R2)(l,2)ne"'=''*^^^^'''^ (12-22) 

i<j 
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where the Heterotic graviton part is defined by 



>V(«2)(1,2) = e^e^9i92G(l,2) -Y^e>ikfe^,kp,G{l,t)d2G{2,j) 



(12.23) 



As a result, the full amplitude becomes, 



A(l,2,3,4) = (detImfi)-5W(R2)(l,2)W(p2)(3, 4)3^5(1, 2, 3,4) J] e-'^-'^^^^^'^), (12.24) 



and hence we obtain the formula ()1.23|1 . upon substituting in the suitable expression ()12.16j) 
or ()12.17j) for the corresponding Heterotic theory and integrating over insertion points and 
moduli. 



It is possible to recast the amplitude in terms of the fi2 tensors, which makes gauge 
invariance explicit, up to exact differential terms, which may be omitted. To do this, we 
start from the definition, = efk^ — ej'fcf for i = 1, 2 and use the contraction with any 
generic momentum i'^ to extract up to a gauge transformation. 



Since the bosonic side of the Heterotic string is essentially half of the bosonic string, 
one cannot expect to recast it all by itself in terms of fi without introducing poles in 
the kinematic variables s, t, u. Physically, the reason that such poles are required finds 
its origin in the fact that 2- and 3-point functions in the purely bosonic string do have 
non-zero loop corrections. The kinematic poles represent 1-particle reducible parts that 
correspond to such corrections. 

For the full Heterotic string, however, the superstring side produces a factor linear in 
s, t, u and these factors have the potential of canceling the poles from the bosonic side. 
We now show how this works out. Since the R^F"^ amplitude has a preferred channel 
(here taken to be the s-channel), we shall work out the combinations sW(ij2')(l, 2) and 
{t — u)>V(/j2)(l, 2), which suffice to reconstruct the full amplitude, using the conservation 
of momentum and the second form for ys in ()1.16|) . 

12.4.1 s W(ij2)(l, 2) in terms of fi 

From now on in this section, we change notations slightly and denote by the same symbol 
>V(ij2)(l,2) the chiral amplitude found in ()12.23|) together with the factor 



12.4 The R^F'^ amplitude in terms of fi 



(12.25) 




i<j 



(12.26) 
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This should cause no confusion, and it avoids a prohferation of new symbols. 

The starting point for the derivation of a formula for W(r2)(1, 2) in terms of /j is 

s>V(fl2)(l,2) = -2{h-k2){ei-e2)did2G{l,2)S 

+2Y,{ki ■ k2){ei ■ h){e2 ■ kj)d,G{l,i)d2G{2,j)£ (12.27) 

We re-express the kinematic combination under the sum as follows, 

2(A;i-A;2)(ei-fcO(e2-%) = -2kf f2'k^ + {h ■ k,)X^'^ + {k, ■ k^)xf 
'(1) 



X^'' = 2{ei-k,){e2-ki)-{ki-k,){e,-e2 

= 2(62 •%)(ei-A;2)-(A;2 •%)(£!• £2) (12.28) 



The combination of the X-terms may be re-arranged by adding a total derivative form. 
We then find, 

J2ik, ■ ki)xfdiG{l,i)d2G{2,j)S = xi'^did2G{l,2)£ - ai(^xf 92^(2, j)^) 
Y,{k2 ■ kj)X^'^diG{l,i)d2G{2,j)S = X^'^d,d2G{l,2)S - ^2(Yl^i'^9^G{l,^)S^ 

The coefficients of the double derivative terms combine as follows, 

- 2(A;i • k2){e, ■ 62) + X^'^ + X?^ = 2{hf2) = -2fr f^'' (12.29) 
so that, up to total derivative terms, the full contribution takes the form, 

sW^R^) = 2Uih)did2Gs{l,2)£-2Y,kUrr2'k';diG{l,i)d2G{2,j)8 (12.30) 

12.4.2 {t - u) >V(R2) (1, 2) in terms of 

To begin, we derive the following product re- arrangements, 

{t-u)e'i = +2/rA;3"4 + 2(ei-A;34)^f 

{t-u)e'i = -2frk^^^- 2(62 ■ku)k^ (12.31) 

using the notation 

kfj = kf - kf. (12.32) 
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These formulas are the starting point of our rearrangements, namely replacing in each 
term half by rearranging ei and the other half by rearranging £2 according to the above 
formulas, we get 



= ^et^f^^'^k'^^-e'tfrk'34+iei-k3A){e2-h) (12.33) 

-(e2-M(ei-A:2))9i92G'(l,2)£: 

+ E + (e2 ■ ku)ik2 ■ kj)\{e, ■ h)dMh 0'92G'(2, j) £ 

Using the derivative formulas. 



-Y.{ki-h){e2-kj)d^G{l,i)d2G{2,3)S = dAY.{e2 ■ k^)d2G{2, 3) S 

-{e2-ki)did2G{l,2)S 
+ E(^2-%)(ei-A;i)9iG'(l,i)92G'(2,i)£: = -^2(^(^1 • ^i)9iG'(l,i) £:) 

+{ei-k2)did2G{l,2)S (12.34) 

and neglecting the total derivative terms, we have 

(i-K)W(fl.) = [e^2frk^s,-e^jrk'u)did2G{l,2)S 

- T.ik^frk^u)(^2 ■ kj)d,G{h i)d2G{2,j) £ 

+ T.ik^f2''k'u)iei-h)d,G{hi)d2G{2,j)S (12.35) 

In this intermediate formula half of the e's were replaced by /'s but half were not. 

We now make a key observation which allows us to also recast the remaining e's in 
terms of /'s without introducing kinematic poles. The observation is that 

kifi ^34 = k2 ■ Pi 

k'^f^'^kl, = k,-q^ (12.36) 

for all i, J and where Pi and qj are polynomial in the momenta. Of course, the Pi and ^j, 
as defined by the above equations are not unique, since shifts of Pi by k2 and 62 (and 
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by ki and ei) leave the relation invariant. But, any choice will do. Since k^4fi'^k^4 = by 
the oddness of /f'', we have 

^3/1 ^34 ~ ^34 ~ 2^^^ ^'O'^fl ^34 = ~2^^^ ~^ ^2)^/1 ^"34 = ~2^2fl ^34' 

and hence we can take 

= ?r = /rA;3^4 q's = = -^/2''^^34- (12.37) 
We now use the following rearrangement, 

(Kfrku) (^2 -kj) = (/C2 ■ p^){€2 ' kj) = k'^f^'^Pi + (63 ■ Pi) {k2 ■ kj) 

{k^f^'^kl^W.-h) = {k,-qi){e,-k^)^ktfrq'; + {e,-q^){k,-h) (12.38) 
Finally, using the following total derivative formulas, 

-Y.^e2-pi){k2-k^)d^G{l,i)d2G{2,j)S = d2{Y.i.^2-Pi)diG{l,i)E 

-ie2-P2)did2Gil,2)£ 
+ j:i^i-qj){k,-h)d^G{l,t)d2G{2,j)£ = -dJj2i^,-q,)d2G{2,j)£ 

i,j 3 

+ie,-qi)did2G{l,2)£ (12.39) 
Combining first the coefficients of the double derivative terms, we have 

e^/r^34 - e^/2^'^^34 - 62 • P2 + 61 • gi = (12.40) 

while the remaining terms combine as follows, up to total derivative terms, 
(t-«)>V(R2) = +J2{kffrqj)diG{l,t)d2G{2,j)S 

- j:(kff2'''p-)diG{l, i)d2G{2, j) E (12 Al) 

Replacing pi and qj by their actual values, we have 

(t-«)W(«2) = +^J2ik^frf7k'34)dM^,i)d2[2G{2,l)-G{2,3)-G{2,4)]s 

-I E(^i /2 7r^34)52G(2, j)5i{2G(l, 2) - G(l, 3) -G{l,4)]s 

(12.42) 
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12.4.3 SijW(i?2)(l, 2) in terms of 

Since 5 + ^ + ^ = 0, tlie expressions for sW(^ji2) and for (t — m)W(/{2) imply the following 
formulas for SijW(^R2), using again the notation p2.32|l . 



s>V(«2) = 2{M,)dsd,G{3A)£-2j2k^frf4'kp3G{3,i)d,G{A,j)S (12.43) 
tW(«2) = -if,U)d,d,Gi3A)£ + J2Kfrf4'kp3Gi3,t)d,GiA,j)£ 

+\ E(^r/3'7rX2)53G(3, ^)94{2G(3, 4) - G(l, 4) - G(2, 4)} ^ 
E(^i /r/3'^fcf2)54G(4, j)d,l^2G{3, 4) - G(l, 3) - G(2, 3)} f 
wW(«^) = -iM,)dsd,Gi3A)£ + T.k^frf4'k^d3Gi3,t)d,GiA,j)£ 

-\ E(^f /3 '^/r^i2)^3G(3, 2)94|2G(3, 4) - G(l, 4) - G{2, 4)^8 
+\ E(^i /r/3 '^?2)54G(4, j)53{2G(3, 4) - G(l, 3) - G(2, 3)} £: 

12.5 The amplitude 

We need first to compute the Heterotic chiral 4 vector amplitude for fixed internal loop 
momenta pj, 

wgUl,2,3,4) = (Q{pi)Y[e^dx^^{z,)e^'^-'^^^A (12.44) 



Omitting the overall bosonic exponential factor Y\i<cj E{zi, ZjY^''^^ , we have 

W{^1)(1,2,3,4) ~ Q1Q2Q3Q4 (12.45) 
+ei ■ 62 8182 In E(l, 2) 63 ■ 64 93^4 In E{3, 4) 
+61 • 63 did^ In E(l, 3) 62 ■ 64 92^4 In E(2, 4) 
+61 ■ 64 94^2 In E(l, 4) 62 ■ 63 ^293 In E(2, 3) 
+61 -62 91^2 In E(l, 2) Q3Q4 + e3 ■e4 9394lnE(3,4) Q1Q2 
+61 ■ 63 9i93 In E(l, 3) Q2 Q4 + £2 ■ 64 52^4 In ^(2, 4) Q1Q3 
+61 ■ 64 91^4 In E(l, 2) Q2Q3 + £2 ■ £3 52^3 In E(2, 3) Q1Q4 
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where we introduce the following convenient notations, 



j 

Vt = J2k^dMt,j) (12.46) 

Assembling left and right chiralities, and shifting p —>■ p using ()12.2U|) amounts to making 
the following replacement, 

Qj ■ 'Pj + 27rej ■ piuJi{zj) (12.47) 

Combining these contributions with the bosonic chiral amplitude factors, and integrating 
out p produces 



j rf20pVv{^)^^e-2"^P^P^^'"^"+2E,fca-/W}]-|- |^(,^^-)^^ = (detImfi)-^W(/j4)(l,2,3,4) 

(12.48) 

where W(ij4)(l, 2, 3, 4) is given explicitly by 

W(^4)(l,2,3,4) = +61-62 9192^(1,2) eg- €4 9394^,(3,4) f 
+61 - 63 9193^(1, 3) 62 ■ 64 9294^(2, 4) 8 
+61 - 64 9i 94^(1, 4) 62 - 63 9293^(2, 3) £ 

-6i-62 9i92a(l,2) {e^-V^){e^-V,)S 
-63-649394^(3,4) (ei- Pi) (62-^2)^ 

-61-63 9193^(1,3) (62-^2) (64-^4)^ 

-62 - 64 9294G,(2, 4) (61 - Pi) (63 - P3) £ 

-6i-64 9i94a(l,4) (62-^2) (£3-^3)^ 
-£2- £3 9293^(2, 3) (61 -Pi) (64-^4)^ 

+ (ei ■ Pi) (£2 ■ P2)(e3 ■ P3)(e4 ■ Va) £ (12.49) 

and the factor £ was defined in (I12.26p . This formula for VV(ij4)(l, 2, 3, 4) is identical to the 
one obtained by computing the non-chiral correlator of the scalar field x{z, z), as follows, 

W(fi4)(l,2,3,4) = e^dx^{z,)e'^y<^^^^ (12.50) 
using the propagator G{zi,Zj), defined in p. 211) . 
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12.6 The amplitude in terms of fi 

The right- moving superstring chiral amphtude factor ys consists of terms hnear in s, t, 
and u multiplying holomorphic differentials in the insertion points Zi. We shall now show 
how the left-moving Hctcrotic chiral amplitude, when multiplied by 3^5 may be expressed 
in terms of the gauge invariant objects f-"^. It suffices to work out the case of s, the cases 
of t and u being obtained by permuting the legs. 

Thus, the starting point is 

s>V(fl4)(l,2,3,4) = -2h ■ k2 e;ax'^(z,)e^'=^-^(^^)^ (12.51) 

The object is to converting all factors into fi factors, keeping coefficients which are 
polynomial in the momenta fcj. Two legs may be converted very easily, using the following 
remark at the operator level, 

k'^efdix''{zi)e''''-''^''^ = frdix''{zi)e''''<''^ + di(^- ie\ e''''<'''>^ (12.52) 

Discarding the total derivative for the usual reasons, we see that we may convert ei, €2 
into /i, /2 using this simple formula. We obtain in this way 

9 

s>V(R4)(l,2,3,4) = 5^L„ (12.53) 

a=l 

where the Lq are defined as follows, 

Li = +2(/i/2)9i92G'(l,2) W(R2)(3,4) 

L2 = +263-e4 9394G(3,4)(/rPr)(/rP2')£: 

L3 = -2(/re^)9AG(l,3) (/2^%^)9294G(2,4)£: 

L4 = -2(/re^)9i94G(l,4) (/2^''e^)92a3G(2,3)£ 

L5 = +2Ur4)did,G{l,i)UrV'2){^,-V,)£ 

U = +2U^'e'i)d2d,G{2A)Um){^^-V,)£ 

L7 = +2Ure'i)d^d,G{lA)U7Vl^){^,-V,)£ 

U = +2Ur4)d2d,G{2,i)UrV'(){e,-V,)E 

Lg = -2U^m)U2'Vll){e^-V^){e^-V,)£ (12.54) 

12.6.1 Recasting Lg 

Begin by concentrating on the last term and consider the factor involving /i/2. It may be 
recast in the following way, 

- 2(/m)(/2'n) = 2^Q,(?iG(l,z)a2G(2, j) (12.55) 
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The coefficients are defined as follows, 

C^, = Kfrf2'k^ (12.56) 

The key observation is that, for any i,j, there exists a matrix Cj^*^ which is linear in /i 
and linear in /2 and otherwise ^-independent, so that 

Cij = ki^k^C^j (12.57) 

This relation manifestly holds for C34 and C43. To prove that it also holds for the remaining 
we make use of the following auxiliary equations, 

frf^'k'2 = l{fif2)k^2 (12.58) 
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and show that 



C2i = l{fif2)ks-k, (12.59) 

and C31 = C24, C41 = C23 and C33 — C44. It is now clear that ()12.57j) also holds for 
C21. With the help of these relations, the momentum conservation equations, namely 
J2i Cij = J2i Cji = 0, may be solved uniquely in terms of C21, C34 and C43. We find 

C41 = -{—C21 + C34 — C43), 
C31 = -{—C21 — C34 + C43), 

C33 = ^(+C21-C34-C43), (12.60) 
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and hence. 



C3T = C2T = -\v"'ifif2) - L^- C^i = lv'"'ifif2) 

Cll = C^s = -\v'"'ifif2) + L^- Ct^l = fi^'fr 

Ct;^ = CZ = +\v'-'ifif2) - CZ = /2^7r (12.61) 

where we have introduced the following combinations, 

L^^ = l[frfr±f2'''fr) (12.62) 
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Using p2.57p . the term Lg may be recast in the following way, 

Lg = 2'JZ^%k^ep3V^){k'^elV^) £ (12.63) 

where we have defined, 

= Ecr^iG(l>052G(2,j). (12.64) 

Expressing /cg €3 = f!^^ + k^e'^, and recognizing k^ -VsS = —d^S, we find 

Lg = -2n>"' f^^V^iklelVl) £ - 2W''e'^{klelVl) d^E (12.65) 

and, by making a total derivative in Sg explicit, 

Lg = -2W f^'V'^iklelVl) £ + 2{d^n^'^)e'^{klelVl) £ 

+2n^^4klelkld^diG,{'i, A)£- 2d3{n>'''eUKelV^) £) (12.66) 

The last term is a total derivative and may be omitted. Next, we start converting also €4 
into /4. To do so, we use 

k''^e''V^£ = -frri£ - el£ (12.67) 

Using this equation on the first term in ()12.66p only, and omitting the total derivative 
term d^{2W'' f^PVl,el£), we obtain, 

Lg = 211^^ j^''Vijl''Vl£ -2Vf'' ji^Pkie\dj,dS{^,^) 
+2{d^nne>'^{klelVl) £ - 2{d^n>''')f^''VSel£ 
+2n>"'e^klelk^d3diG{3,A)£ (12.68) 

Next, we use the rearrangement e'^k^ = f^"^ + ^363 in the last term, and the identity 

n^-k^,kl = Y.k'3Ct-kldrG{l,i)d2G{2,j) 

= fr^irr^ (12.69) 

where we have used the defining equation for Gij, namely k'^C^^k^ = k^ f^'^ fl^^k^y Thus, 
we are left with 

Lg = 27^^V3"'^37^"K^ + 27^'^"/3'7^5354G'(3,4)£ 
+ /r^r/l"^^2e3- £493^4^(3, 4) 

+2{d^n'"')e'^{klelVl) £ - 2{d^TZ^'')f^''V!^el£ (12.70) 
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Finally, we make the terms in d^TZ and di{R. symmetric, by using again ()12.67p on the term 
in d'iTZ, 

+C^^^^^,G{1A)^2^^G{2,3))£ (12.71) 



up to a total derivative term d4{—2TZ^'^e-^e'^). By inspection, the expression for Lg may be 
recast as follows, 

Lg = -L2 + L3 + U + L'^ + L'^ + La + Lb (12.72) 

where 

L'3 = -2a3i?'^vme^^ 

= -2diR^"'frV^el£ 
La = +211^''' f^" frV'^Vl £ 

Lb = +2n^'''f^Pfrd,d,G{3,A)S (12.73) 
Note that the terms La and Lb are already completely expressed in terms of /j's alone. 

12.6.2 Simplifications 

We shall now simplify L3 and L4, as follows. The derivatives of TZ are given by 

= didsG{l,3)J2C^;d2G{2,j) + d2dsG{2,3)J2C^3d,G{^,j) 
3 3 

d^n^" = 9i94G(l,4)^C4792G(2,j) + 5294^(2,4) 5] Cjr5iG(l,j) (12.74) 

3 3 

The following terms can be grouped into total derivatives. Let [d-iR^^]'^^^ and [d-^IZ^^]'-^^ 
be the contributions to £3 from the two terms in the preceding equation with j = 4. 
Let [£5]j=4 be the contribution from £5 with j = 4, if we write its factor f2^V2 as 
f2''J2j^2kjd2G{2,j). Then we have, 

[dsTZ^nU + A + [C,],=4 = 294{e^/r/2''e4^ d^dsG{l, 3) 92^(2, 4) (12.75) 
Similarly, with analogous notations, we have 

[dsTl'^nU + ^^+ ['^8]j=4 = '^dJe^.f^frel ^2.93^(2, 3) d^G{l, 4) £ 
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[947^^;=3 + A + [>C7],=3 = 293|e^/r/re^9i94G(l, 4)^2^(2, 3) £:| 

[d^n^rj=A + A + [C,]^=^ = 2dsi^eUrfTel d2d,G{2, 4) ^1^(1, 3) S 

Omitting the total derivative terms, we are then left only with the contributions from 

j — 1,3 in L3, L5, Lg, and the contributions from j = 2,4 in L^, Lg, and L7. All the 
terms in L2, L3, L4, L5, Lg, L7, and Lg have been either absorbed in total derivatives or 
completely cancelled. What remains is 

s >V(,j4)(l, 2, 3, 4) = Li + + Lb + L^' + L'i (12.76) 

where we have set 

L'3' = +2^^^^G{1,3) d2G{2,j)e^,V^(frf7k';el-C!^^'fr 



J=l,3 



+292^3^(2,3) ^ d,G{hMVUf7frk^el-C%'fr) (12.77) 

J=2,3 ^ 

and 

L'l = +2^^^,G{h^)T.^2G{2,J)e>lrdfrf2'k^4-C:^f3 

+292^4^(2,4) Y: diG{l,j)e'ivdfrri'k';el - C'^Ur) (12-78) 

12.6.3 Simplifying the kinematical factors 

Next, we show that the kinematical coefficients can be re-written as, 

4n (/r/2 "^Jel - C^7r) = ±f^''L^-'Vle^ (12.79) 
where j — 1 corresponds to + and j = 3 to — ; 

4n [frfi'k'^el - C^Ur) = ^f^^L^-Vle'^ (12.80) 
where j — 2 corresponds to + and j' = 3 to — ; 

{f7r2%4 - Cl^fr) = ±/r^LrP3^e^ (12.81) 
where j — 1 corresponds to + and j = 4 to — ; 

[f2'fi'k^4 - C^Ur) = i/ri^r^^a^e^ (12.82) 
69 



where j = 2 corresponds to + and j = 4 to — . We present the derivation only for the first 
case with j = I; the others are analogous. From the definition of Cl^i , we have 

[frf2'k'(ei - CgT/r) = ^-p-, ( - lifif2)k'iei + \{fif2)fr + L^~fr 

(12.83) 

In the second term on the right hand side, we replace f^^ by its definition e^k^a — elk^ 
and observe that k^V^E = —d^E. This last term is a total derivative and can be dropped. 
Thus the first two terms on the right hand reduce to 

= -\4Vl{kr-k,relUif2). (12.84) 

On the other hand, again ignoring total derivatives and thus replacing fl'' effectively by 
—e'^k^, the third term on the right hand side of ()12.83p can be expressed as 

-lei^V^elk^L^.^ = le^sVIeUk, + k, + ksnfrfr-f2''fn 

= \{f\f2)e'sV^el{k,-k2r + ^V^elfrL^-'^, (12.85) 

where we made use of the definition of L'^ , and of the identities p2.58|) . This establishes 
the desired formula. Since we clearly have 

1^,.^,.^.^. = /A'-p^-el = -l(/j2/3)PreI, (12.86) 

the above results may now be summarized in a succinct manner, 



4' = (/i/2/3)n6jF(l,2;3) 

K = (/i/2/4)P3e^F(l,2;4) (12.87) 



with the function F defined by 



F(l,2;z) = +{diG{l,2)-diG{l,i)}d2d,G{2,i)S 

-{d2G{l, 2) - 92^(2, z)} didiG{l, i) £ (12.88) 



for 2 = 3,4. 



70 



12.6.4 Final expressions and sumniciry 

A summary of the contributions so far is given by 

s W(i?4)(l, 2, 3, 4) = Li + + Ls + L^' + L'i (12.89) 

where we have 

La = +27^^73^7^^3n^ 

Lb = +27^^7r/^5354G'(3,4)£ 

K = (/i/2/3)neIF(l,2;3) 

K = {hhU)rielF {l,2-A) (12.90) 

We have not quite achieved our goal yet, as Li, L3 and L4 still exhibit explicit e-dependence. 
Manifestly, each term by itself is gauge invariant, so one should not expect cancellations 
and recombinations of these terms with one another. Instead, they may be recast in terms 
of /'s entirely at the cost of multiplying either by s, or by t or by u. This was already 
established for VV(r2)(3, 4) in the section on R^F^, and the presence of an extra factor 
did2G{l, 2) does not interfere with those arguments. 

For L3 and L'l, the argument is as follows, 

= -l—(^f^% + (e,-e,)k^y^ (12.91) 

where £3 and ^4 are arbitrary generic momenta. Clearly, the second terms in the paren- 
theses yield total derivatives because F(l, 2; 3) is independent of Z4 and F(l, 2; 4) is inde- 
pendent of Z3. Thus, the resulting terms may be neglected. 

Therefore, we have the following alternative expressions. 





-2(/i/2/3)/rA:fnni,2;3) 




-2(/i/2/3)/rXnni,2;3) 


uL'^ = 


-2{hhh)r/KVlF{l,2-?,) 


sL'i = 


-2{hhU)frKVlF{l,2-A) 


tL'i = 


-2{f,hh)frKVIF{l,2;i) 


uL'i = 


-2{hhh)frk{V'^F{l,2-A) 



(12.92) 
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13 Non-Renormalization of F^, R^F'^ and Terms 



We can discuss now the two-loop corrections to the low-energy effective actions of the Type 
II and Heterotic superstrings. These are the corrections that remain when the two-loop 
amplitude is expressed in terms of fi only and the subsequent limit fcj — is taken. 

The following fact is very important for some of the cancellations found below: the 
(conformal) Green's function G{z,w) defined in (jl.2ip is the logarithm of a (—1/2, —1/2)- 
form in each variable z or w. It is not the same as the (Riemannian) Green's function, 
which is defined as the inverse of the Laplacian orthogonal to constants, and requires a 
choice of metric. However, the two Green's functions differ only by expressions of the 
additive form A{z) + A{w), which cancel out in all expressions of interest to us, either by 
differentiation with respect to both z and if , or by momentum conservation. Thus we can 
effectively regard G{z, w) as a single- valued, scalar function when we choose to. 



The expression (ll.2Up for the Type II amplitude for the scattering of 4 gravitons depends 
only on the field strengths //"^ and clearly tends to as hi 0. Thus there is no two- 
loop renormalization for the R'^ term in the low-energy effective action for the Type II 
superstring. The same remains valid for both Heterotic strings, since the right sector 
contribution is that of the Type II superstring which tends to 0, and the left sector is 
manifestly independent of e^. 

13.2 R^F^ Corrections in the Heterotic Strings 

Next, we consider the two-loop corrections to the R^F^ terms in the low-energy effective 
action for the Heterotic strings. The key observation is that the contribution of the super- 
string from the right sector always includes an ej-independent term factor proportional to 
either s, t, or u. The scattering amplitude of the two gravitons on the left sector results 
in the term W(/j2), and all three terms sW(ij2), tW{^B?)i wW(ij2) have been shown to admit 
expressions in terms of the alone p2.43|) . In these expressions, all the terms involve 
extra momentum factors obviously tend to as fcj — > 0, and do not contribute to the 
low-energy effective action. In view of the anti-holomorphicity in each insertion point of 
the amplitude 3^5 from the superstring side, the only terms which remain from ()12.43|1 are 
proportional to terms of the form 



13.1 Type II Terms and Heterotic Terms 




(13.1) 
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However, at ki ■ kj ^ 0, this reduces to 



/ 



07/(3)9394^(3,4) =0, 



(13.2) 



because d3d4G{3, 4) can be identified with the derivative of a scalar single-valued function. 
13.3 Corrections in the Heterotic Strings 

As in the preceding case, the superstring in the right chiral sector always contributes from 
the factor ys, a factor of s, t, or u multiplying an anti-holomorphic 1-form is each vertex 
insertion point. We need only consider s>V(ij4), since tW(j?4) and uW(^r4,^ are similar after 
exchanging the legs. Now sW(ij4) can be re-written as in ()12.89p . where all the have 
been eliminated in favor of the p2.92|) . We examine the contributions of all the terms 
Li, La, Lb, Lg, L4. 

The contribution is expressed solely in terms of /j, but already has two extra 
momentum factors arising from V^V^, and will therefore not contribute to the terms 
in the low energy effective action. 

The term is also in terms of /j, but does not have these extra momentum factors. 
Recalling the formula for TZ, 



and setting £^ = 1 in the limit ki — > 0, we see that of the sum over i,j in TZ, any term 
that does not depend on both Z3 and 24 will not contribute as then either or Z4 is a 
total derivative and yields when integrated against anti-holomorphic differentials on the 
superstring side. The two remaining terms in TZ that do depend on both z^ and z^ are 
for = (3,4) and {i,j) = (4,3). But these are total derivatives in both zi and Z2 and 
again lead to vanishing contributions upon integration against anti-holomorphic Abelian 
differentials on the superstring side. Thus, Lb integrates to to this order and does not 
yield a contribution either. 

Next, we consider the term Li. This term contains the factor W(/j2)(3,4), which does 
not admit by itself a regular expression in terms of the alone. However, we have seen 
that s>V(i?2)(3,4), t>V(R2)(3,4), and u>V(r2)(3,4) do (see (!12.23jl l. Now if we expand £ for 
s, t, u near 0, the contribution from the constant term 1 vanishes upon integration against 
an anti-holomorphic form, just as we saw in the previous subsection^^ . Now the other terms 
brought down from £ always contain a factor of s, t, or u. We can then make use of the 

^^The integrals involved are only conditionally convergent. This requires in principle a more detailed 
argument, but the outcome is the same. 




(13.3) 
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ej-free expression for syV(ij2), tyV(R2)(3, 4), and MyV(/j2)(3, 4) in (112.431) . For syV(/j2)(3, 4), 
this for example yields contributions proportional to {fif2){f?jf'C) with coefficient, 

(^,(1, 2) + G,(3, A))d^d2G,{l, 2)d^d^G,{?,, 4) (13.4) 

whose integral against a form anti-holomorphic in zi, Z2, z^, Z4 vanishes. The argument for 
terms brought down from S linear in t or u is analogous. Hence the contribution from 
terms in Li also vanishes. 

The only terms left for consideration are L3 and L^. Their behavior is similar to that 
of Li. Again, we only know that sLg, tL'^, uL'^, sL'l, tL'l, uL'l can be expressed directly 
in terms of the /f. Thus we expand again the exponential factor S. Upon integration 
against the anti-holomorphic form coming from the superstring in the right sector, the 
constant brought down from S contributes 0, since we can integrate by parts in in L3 
and in 23 in L4. The other contributions result in a factor of s t, or u, so now the e^-free 
formulas ()12.92|1 become available. But each of them has an extra momentum factor and 
tends to as ki ^ 0. Thus the terms L3 and L'l also do not contribute, and the R'^ term 
in the low-energy effective action for the Heterotic string receives no two-loop corrections. 
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A Riemann Surface Formulas for genus 2 



In this section, we review basic formulas for the -(^-functions, prime form, Green functions 
and Fay trisecant relations needed in this paper. Standard references are and 
The basic objects on a Riemann surface S, from which all others may be reconstructed, 
are the holomorphic Abelian differentials, the Jacobi "(^-function, and the prime form. 
We choose a canonical homology basis Aj, Bj, I = 1, ■ ■ • , 2, with canonical intersection 
matrix ^{Ai,Bj) = 5ij. Modular transformations are defined to leave the intersection 
form invariant and form the group S'p(4, Z). The holomorphic Abehan differentials ujj are 
holomorphic 1-forms which may be normalized on Ai cycles, and whose integrals on Bi 
cycles produce the period matrix, 

f uj = 5ij f u}j = Qij (A.l) 

JAi JBi 

The Jacobian is then defined as = C^/{Z^ + f2Z^}. Given a base point zo, the Abel 
map sends d points Zi, with multiplicities qi E Z, i = 1, ■ ■ ■ ,d and divisor D = qiZi + - ■ ■ q^z^ 
of degree qi + ■ ■ ■ + qd into by 

qiZi H h qdZd = 2Z'li / (^i' ^2) (A.2) 

i=l -^^0 

The Abel map onto is multiple valued, but it is single valued onto 



A.l Jacobi i?-functions 

The Jacobi ^-functions are defined on ( = {d, C2)* G by 

i^[k] (C, n)= exp (inn^nn + 2mn\C + f^")) ■ (A.3) 

Here, n = {k,'\k,") will corresponds to a spin structure, and thus be valued in k',k" G 
(Z/2Z)^. The parity of the '(9-functions depends on k, and is even or odd depending on 
whether 4k' ■ k" is even or odd, i.e. k is referred to as an even or odd spin structure. The 
standard t^-function is defined by Q) = ^[0]{(, fl), and is related to ^[k] by 

i^[k]{C, n) = i9{C + + nn', n) expimK'nn' + 2mK'{C + /«")} (A.4) 

We have the following periodicity relations for 'i9[K]((^, Q), in which M, N ^7? 

§[k]{^ + M + VlN ,VL) = i9[K]{C,n) exp{-inNnN -2mN{C + K") + 2niK'M} 
t9[k' + N,k" + M]{C,^) = ^9M(C,^) exp{27rmM} (A.5) 
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The periodicity formula simplifies when 2k, is a period; we note it here for later use, 

^[6]{2k) = {6\k) e-^^'^'""^' i9[5](0) (A.6) 

where k is a half-period, which may be even or odd. The signature symbol is given by 

= exp{47ri(/t'A" - \'k"} (A.7) 

For K, A both half-integer characteristics, (k|A) = ±1. 

Under a modular transformation U G 5^(4, Z), k = {k.'\ k") transforms as, 

1,. fCD'\ 
^.j + 2diag(^^^,j 

The period matrix transforms as 

Q = {AQ + B){CQ + D)-^ 
while the t^-function transforms as, with = 1, 

^[k]{{{CQ + D)~^yC,Q) = e{K,U)det{CQ + D)h[K]{C,Q) (A.IO) 



k" 



D -C 
-B A 



U 



A B 
C D 



(Ai 



(A.9) 



A. 2 The Riemann relations 

The Riemann relations may be expressed as quadrilinear sum over all spin structures, 

E(«:iA)n^[A](c)=4n^M(C) (A.ii) 

A a=l a=l 

where the signature symbol (k|A) was introduced in ()A.7|) . There is one Riemann relation 
for each spin structure k. The vectors ( and are related by a matrix M, which satisfies 
= / and 2M has only integer entries, 

1 1 

1 ' 

2 



a 
a 






= M 


Cs 









M 



(II 1 l\ 
11-1-1 
1-11-1 

VI -1-1 1 / 



(A.12) 



In the special case where at least one of the C,ai a = 1, 2, 3, 4 vanishes, then only even spin 
structures A will contribute to the sum and we have one Riemann identity for each odd 
spin structure n. When only the sum over even spin structures 6 is needed, the following 
modification may be used, 

4 



5 even a=l 



-E('^iA)(^[A](Ci)+^[A](-ci)j umiCa) 



a=l 



a=l 



2 n%](C)+2 umiCa 
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(A. 13) 



with the following relations between the vectors ( and C*^, 
M, defined in fjXl2l) . 



\CtJ 



M 



f±Ci\ 

C2 
C3 

V C4 / 



expressed in terms of a matrix 



(A. 14) 



Clearly, the sign fiip may be effected on any odd number of the (a, since both sides are 
manifestly invariant under permutations of the (a- In the special case where at least one 
of the (a vanishes, this formula automatically reduces to ()A.11|) . 



A. 3 The Riemann vanishing Theorem 

The Riemann vector A G C'^, which depends on the base point zq of the Abel map, enters 
the Riemann vanishing Theorem, which states that Q) = ii and only if there exist 
h — 1 points Pi, • • • , Ph-i on S, so that ( = A — pi ■ ■ ■ — Ph-i- The explicit form of A may 
be found in formula (6.37) and will not be needed here. 



A. 4 The prime form 

The prime form is constructed as follows jUj. For any odd spin structure u, all the 2 zeros 
of the holomorphic 1-form Y^j dii)[i']{0, fl)ijJi{z) are double and the form admits a unique 
(up to an overall sign) square root hiy{z) which is a holomorphic 1/2 form. The prime form 
is a —1/2 form in both variables z and w, defined by 

gfe^-)^ ":';^:;-"' (A.15) 

h^{z}h^{w} 

where the argument z — w of the -(^-functions stands for the Abel map of ()A.2|) with zi = z, 
Z2 = w. The form E{z, w) defined this way is actually independent of u. It is holomorphic 
in z and w and has a unique simple zero aX z = w. It is single valued when z is moved 
around Aj cycles, but has non-trivial monodromy when z — > z' is moved around Bj cycles, 

E{z',w) = -exp(^-iTTnii + 27ri J uJi^E{z,w). (A.16) 

The combination dzdujln E{z,w) is a single valued meromorphic differential (Abelian of 
the second kind) with a single double pole at z = w. Its integrals around homology cycles 
are given by 

f dzdzdyj In E{z, w) = 

f d z d zdyj In E{z,w) = 2TTiujj{w) (A. 17) 

Jbi 
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A. 5 Green functions 

The Szego kernel Ss{z, w) for even spin structure 5 is a (|, 0) form is each z and w, with 
a single simple pole at z — w and is given by 

The Green's function G{z; zi, Z2;pi,P2) is the Abelian differential of the third kind in z, 
with simple poles at Zi and Z2, and zeros at pi and p2- Thus, it satisfies, 

dzG{z;zi,Z2;pi,P2) = +2tt6{z,zi) -2t:5{z,Z2) (A.19) 
and is explicitly given by the following expression 

^{z - zi- Z2+P1+P2- A)E{z,pi)E{z,p2)E{zi, Z2)a{z) 



G{z;zi,Z2;pi,P2) = 



'd{-Z2 +P1+P2- A)E{z, zi)E{zi,pi)E{zi,p2)E{z, Z2)cr{zi) 

(A.20) 



where the nowhere- vanishing 1-form a{z) is defined by the ratio, 

a{z) '^{ri + r2 — z — A)E{w,ri)E{w,r2) 
(7{w) '^{ri + r2 — w — A)E{z,ri)E{z,r2) 



(A.21) 



where ri,r2, are arbitary points on the surface. Note that a{z) is single valued around Aj 
cycles but multivalued around Bj cycles in the following way 

a{z') = a{z) exp{-inQii + 2m{z - A)} (A.22) 

A very useful alternative formula for G, in which the ratio of cr's has been expressed in 
terms of 'j?'s and prime forms is as follows, 

X i^{z - zi- Z2+P1+P2- A)^{pi+p2- A- z)E{zi,Z2) 

G{z; zi, Z2;pi,P2) = ^7 — tt^t — ttttt tttt r A.23) 

^(Pi +P2- zi- A)'&{pi +P2- Z2- A)E{z,Zi)E{z,Z2) 

A. 6 The Fay trisecant identity and its variants 

Some of the identities needed involve a summation over products with more than four 
Szego kernels. At first sight, it would seem that the Riemann identities can not inform us 
on such sums, since each term is a product of more than four 'j?-functions. The key is the 
additional use of the Fay trisecant identity, 

mi^l + Z2-W1- W2)m{0)E{zi,Z2)E{wi,W2) 

= +1»[5](Z1 - W2)t»[5](z2 - Wi)E(zi,Wi)E(z2,W2) 

-^[5]{zi - wM5]{z2 - W2)E{zi,W2)E{z2,wi) (A.24) 
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This identity is equivalent to 



Ssizi, W2)Ssiz2, Wi) - SsiZi,Wi)S5{z2, W2) 

_ ^[S]{Zi + Z2-W1- W2)E{zi, Z2)E{wi,W2) 

~ m iO)E{z,,wi)E{z2, Wi)E{z,, W2)E{Z2, W2) 



(A.25) 



We shall use this identity often for "adjacent" Szego kernels, which have an argument in 
common. Simply setting two points equal in ()A.24|) leads to a trivial result. Therefore, we 
take the derivative in W2 of ()A.24|) . set ^2 = ^2, use the fact that 9/'(9[5](0) = for even 6, 
divide by {}[6]{0yE{zi, Z2)E{z2,Wi)E{zi,Wi), and set Wi = z^. The result is, 

^5^1, 2:2^^5 ^2, 23 = -^/^sHtttttttttt r + ^^{z^, ^3^.2 In — r A.26 

(O)E(zi, 2:3) ^(-21,-22) 

An immediate variant of ()A.26|) may be obtained by letting 23 — ^i, and we obtain, 

S,{z, wf = dA \^E{z, w) + uji{z)u;j{w f'^f}^}^^ (A.27) 

Notice that the first term on the right hand side is independent of 5. Finally, a formula 
with "adjacent" Szego kernels may also be derived from ()A.25|) . again by first taking a 
derivative in W2 and then setting W2 = Wi. The result is 

Q( \P> Q I \ Ql \fi Q f \ 'd[S]{Zi + Z2-2w)E{Zi,Z2) 

Ss{zi,w)d^Ss{w, Z2) - 65(2:2, w)d^bi[w, z{) = t^^^t ^ (A.28) 

v[d\{())E[Zi, w)^L[Z2, wy 

The three Fay idenitities, ()A.26|) . ()A.27|) . ()A.28|) all have the property that the product of 
two Szego kernels is reduced to a single d[5\ combination. 
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B Simple geometric properties of the unitary gauge 



In this appendix, we gather some simple useful facts about Riemann surfaces E of genus 
2. 

It is a consequence of the Riemann-Roch theorem that holomorphic forms on E must 
have 2 zeroes, counting multiplicities. A first useful fact is the following: if u!{z) and 
u;{z) are two holomorphic forms which have one common zero (and neither form vanishes 
identically), then they are proportional. In particular, they have the same zeroes. Indeed, 
if their second zeroes are distinct, then the ratio f{z) = uj{z)/uj{z) is a meromorphic 
function with a single pole. Then f[z) — c has a single zero for each complex number c, 
which implies that / : E — > 5"^ is a biholomorphism from E to the sphere. This contradicts 
the fact that E has genus 2. 

Assume now that gi, q2 are the zeroes of a holomorphic form w{z). We deduce imme- 
diately the following identity 

A(gi,g2) = 0. (B.l) 

This follows from the fact that A{z,q2) is a holomorphic form in z, which vanishes at 
z — q2- Thus it must vanish also at z — qi, since qi, q2 are the zeroes of zu{z). 

These properties are even easier to read off from the hyperelliptic representation of 
E. If we view E as the Riemann surface of the function — 11^=1(2^ ~ Pj), then the 
holomorphic forms on E are given by 

CO = ^^dx, (B.2) 
s 

from which it is clear that the zeroes of cu always occur as the two points qi , q2 lying above 
the same point —b/a in the complex sphere. 
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C Proof of summation identities involving 

In this and the next two appendices, we give the proof of all the identities for 1\ to lie 
summarized in section §3. They hold in unitary gauge, where gi, ^2 satisfy the relation, 

gi + 92 - 2A = 2k (C.l) 

Here, 2k is a full period (k may be an even or odd half-period or itself a full period). The 
(5-dependence of Z\5\ then simplified, and reduces to 

Z\5\ = ZoE{q^,q,)e'-^-'''^'{K\6)miOf (C.2) 
C.l Identities using the Riemann relations 

We begin by establishing the vanishing of the sums Ji to Ij. For these, we need only the 
Riemann relations. Retaining only the 5-dependent parts, the sums Ji to may all be 
recast in the following form 

where 



h 


Ci 


= qi 


-q2, 


(2 


= C3 




= 












h 


Ci 


= Qi 




(2 


= Zi 


- Z2, 


C3 = 


Z2 


— Zl, 




= 




h 


Ci 


= Qi 


-92, 


C2 


= Zi 


- Z2, 


C3 = 


Z2 


- Z-i, 


C4 


= Zs 


- Zl 


h 


Ci 


= Qi 


-Zl, 


(2 


= Zi 


- 92, 


C3 = 


C4 


= 








h 


Ci 


= Qi 


- Zl, 


(2 


= Zi 


- 92, 


C3 = 


Z2 


- Z3, 


C4 


= Z3 


- Z2 


h 


Ci 


= Qi 




(2 


= Zi 


- Z2, 


C3 = 


Z2 


- 92, 


C4 


= 




h 


Ci 


= Qi 


-zi, 


C2 


= Zi 


- Z2, 


C3 = 


Z2 


- Z3, 


C4 


= Z3 


-92 



(C.4) 

Making use of Z[S] ~ (k|5)'(?[5](0)'' in unitary gauge, / is seen to be proportional to 

j:{k\6) n miCa) = 2 n n^KO + 2 n n^]ic) (c.s) 

S a=l a=l a=l 

The relation above is precisely the Riemann relation ()A.13|) with in terms of ( given 
by ()A.14jl . To calculate the /j = for i = 1, ■ ■ ■ , 7, we only use the following 

h Cf = C2^ = Ct = Ct = Mqi -A-k) (c.6) 
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/3 


ct 


= ±{qi -A-k) 




h 


ct 


= Ct = ±(gi -A-k) 




h 


ct 


= = 91 - A - cr 


= (2 = Zi- A- K 


h 


ct 


= ±(gi- A-/€), C2^ = 


±(A -Z2 + k), = ±(A -Zi + K,) 


h 


ct 


= qi-A-K,Q = A- 


- Z2 + K, = Zl- A- K, = Z3- 



For each case, at least one and one (~ are of the form p — A — k for p G {qi, zi, Z2, z^}. 
Using the Riemann vanishing theorem, we have — A — ~ — A) = and this 

proves that /« = for alH = 1, ■ ■ ■ , 7. 

C.2 Identities using the derivative Riemann relations 

Making use of the Fay identity ()A.26|) in Is,Iq,Iiq on the following "adjacent" pairs of 
Szego kernels, 

h Ss{zi,Z2)Ss{z2,Z3) 
Jg Ss{qi,Zi)SsiZi,Z2) 

ho Ss{z2,Z3)Ss{z3,Z4) (C.7) 

the contributions from the second term in ()A.26|) vanish in view of = 0, Is = 0, and 
/s = respectively. The 5-dependence in the remaining sums is then, 

h ~ djmi^i - ^3) - zi) miz3 - z,)mi^4 - ^2) 

h ~ E('^l^) dA^KQi - ^2) m{z2 - q2) mi^^ - -24) m^ZA - Z3) 

5 

ho ~ T.i'^lS) djm{z2 - z,) 7?[5](^4 - Z2) m{<li - ^1) ^[<^](^i - 92) (C.8) 

6 

To evaluate these sums, we use a first derivative of the Riemann identities ()C.5|) with 
respect to C, of the formula, where we have 

Jg Cl = 2C + ^1 - Z3, (2 = qi- zi, Ca = 23 - Zi, Ci = Zi- q2 

Ig Cl = 2C + gi - Z2, (2 = Z2- q2, (3 = Z3- Z4, (4. = Z4- Z3 

ho Cl = 2C + ^2 - Z4, (2 = Zi- Z2, Cs = 9i - zi, Ci = zi- q2 (C.9) 

To obtain C^, we change the sign of C4, so that 

h Ct = C + ql-^-^^, Ct = C-Z3 + A + K 

Cr = c - ^4 + A + K, Q = c + zi-A-K 
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h Ci+ = C + gi - A - = C + gi - A - K 
= C + A + K - 2:2, C4" = C + A + K - 2:2 

ho Ci+ = C + gi - A - /€, = C - gi + A + 

cr = c - ^1 + A + /€, C2" = c + ^1 - A - (c.io) 

In each case, both and produce a zero in 0[k\{(^); when a single derivative is apphed, 
at least one zero will remain. Thus, we have Jg = /g = /lo = 0. 

C.3 Identities with 5 Szego kernels 

Next, we evaluate the objects hi and /12 with 5 Szego kernels, needed for the 4-point 
function. Both are single- valued 1-forms in each Zi which are holomorphic in each Zi, since 
singularities at coincident Zi^s cancel using h = for hi, and I3 = for h2- 

C.3.1 Calculation of hi 

Using ()A.27|) and /2 = 0, we readily derive that 

hi = uji{zi)ujj{z2)ujk{z3)ujl{z4) 2^Z[d]S5{quq2) ^p](o)2 ^ 

which makes the holomorphicity, as well as some of the symmetries, of hi manifest. To 
calculate it, we use ()C.2|) . The above sum then becomes. 



In = Zo e^'^*^'^''' 9,9j^9[5](0) dKdLmiO) ^[5](gi - 52) ^[<5](0) (C.12) 

To perform the sum, we use the Riemann identity ()A.11|) and the relation 

?9[k](C-k) = ■(9(0 expf-ivr/tW + 27rm C} 

+ = ?9(C) expi-inn'riK' - 27iiK'C + 4:niK'K"} (C.13) 

One thus obtains, 

j:m ^m{Cl) miC2) miqi-q^) mm 
5 

^ 4g-W(n.'-2,,+2A) -Q ^fh(^^^^^^^^p^q^_^^\ (C.14) 

a,/3=± ^ 

In the above product, each of the 4 factors will vanish when Ci = C2 = 0. Thus, the 
4 derivatives needed in ()C.12|) will have to be applied one on each factor to obtain a 
non-vanishing contribution. Of the six different terms that arise from taking these 4 
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derivatives, two terms arise from applying the (2 derivatives to factors with the same a 
and thus produce a + sign, while four terms arise from applying the (2 derivatives to 
factors with opposite a and thus produce a — sign. Hence, 

<5 

= -2 eS-^'^'^^i-^) di^iqi - A) dj^{qi - A) OkHQi - ^) di^Qi - ^) 

Combining all factors for In, we get the result in using ^{z), the holomorphic 

differential in z, which vanishes at qi^2, defined in ()2.12|1 . 

C.3.2 Calculation of 

To evaluate J12, we relate it to In. To do so, we make use of one of its symmetries, 
luizi, Z2, zs, Z4^) = Ii2{z3, Z2, zi, Z4^). Siucc lu is symmetric and holomorphic in Zi and Z3, 
no information is lost by setting z^ = Zi. This is because there is an isomorphism between 
biholomorphic one-forms and holomorphic two-forms, which we may schematically denote 
by uj{i{z)ujj}{w) ^ uji{z)ujj{z). Setting = zi, and using ()A.27|1 . as well as the vanishing 
of Ii and I2, we have 

luizi, Z2, Zi, Z4) = '^Z[6]Ss{qi,q2)^^l{Zi)LJj{z2)LJK{Zi)LJL{z4) 

s 

The original luizi, Z2, z^, Z4) is recovered by letting u!i{zi)uk{zi) lj^i{zi)u!k}{z3), and 
thus 

-^12(^1, Z2, Zs, Z4) = Z2; Z3, Z4) + -/ii(z3, Z2', Zi, Z4) = Iii{zi, Z2\ ^3, ^a) (C.16) 

The last equahty holds because by explicit calculation, we have found that l\\ is totally 
symmetric in all its arguments Zi. 

C.4 Identities involving the fermionic stress tensor 

In this subsection, we evaluate the summation identities for J13, J14, J15 and /le, all of 
which invove the insertion of the fermionic stress tensor. 



C.4.1 Calculation of / 



13 



Exhibiting the 5-dependence of Z\5\ and using ()3.4p . the sum is reduced to 



^13 = ^, °' , — -Y^mm{^^-^2)m{^r-z2) 

E{zi,wyE{z2,wy Y 



x^[5]{zi + Z2 - 2w)^[5]{0) (C.17) 
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It suffices to use the Riemann relations ()A.11|) and ()C.13|) to obtain expressions in terms 
of ^9-functions without characteristics, 

7,3 = 4Zoe«-'(--^) n n + (C.18) 

Formula ()3.8p is recovered by using the following useful identity, 

n -A) + z-w) = -w{z)w{w)E{z, e-^"^'^'^'?^-^) (C.19) 

C.4.2 Calculation of /14 

Exhibiting the 5-dependence of Z[6] and using (jSiH), the sum is reduced to 

Zq e'^''''''^^' E{zi, Z2) 



'14 



E{zi, wfE{z2, wfE{z2, Z3)E{ZS, Zi] 



(C.20) 



5 

It suffices to use the Riemann relations to obtain, 
where 



Ci^ 


= ±(91 


-A-k) 


+ -22 - 




= ±(gl 


-A-k) 


- Z3 + W 




= ±(gl 


- A - 


- Zi - Z2 + Zs+W 


C4^ 


= ±(gl 


- A - 


+ Zi- W 



(C.22) 

The interchange between and Cr is equivalent to qi ^ q2, in view of the unitary gauge 
relation ()C.1|) . Using the relations ()C.13|) . we have 

T = 2Z r8"^'to-A) ^(gi -A + Zi- w)i3{qi - A + Z2 - w)E{zi, Z2) , . 

° E{z^,wYE{z2,wfE{z2.Z3)E{z3,z^) ^ ' ^ 

x?9(gi - A - 2:3 + w)'d{q\ - A - zi - ^2 + 2:3 + w) + (gi ^2) 

As a function of ^3, /14 has simple poles at z\ and Z2 with opposite non-vanishing residues, 
given by it/13. Thus, it is natural to seek an alternative formula in terms of a Green 
function G{z\Z\,Z2\'P\-,V'i) of ()A.20|) and ()A.23|) . with poles at Z\ and 2:2, and zeros at pi 
and p2- Inspection of ()(7.23j) indicates that /14 vanishes at q\ and w as a function of 2:3; 
therefore, we choose Pi = qi and p2 = w. Expression -dl^z^ — Zi — Z2 + qi + w — A) in 
()C.23|) in terms of G, and using ()C.19|) . and the fact that bilinears in w are invariant 
under qi ^ g2, we recover ()3.9p . 
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C.5 A relation between /15 and Iiq 

We establish a simple relation between /15 and Iiq. Recall their expressions, 

Ii5{w; zi, Z2, Z3, Zi) = 2:[6]Ss{qi, q2)ip[S]{w] Zi, Z2)Ss{z2, Z3)Ss{z3, Z4,)Ss{z4, Zi) 

5 

Iiq{w; zi, Z2; Z3, Zi) = 'YZ[S]Ssiqi,q2)'^[S]iw;zi,Z2)Ss{z2,zi)Ss{z3,Zif (C.24) 

s 

We now use the full Fay identity ()A.25|) . applied to /15 and Jig with 



S5{Z2, Zi)S5{z3, Zi) = Ssiz2, Z4)Ss{z3, Zi) 

^[6]{Z2 + Z3- Zi- Zi)E{z2, Z3)E{Z4, Zi) 
1^[6]{0)E{Z2, Zi)E{z3, Zi)E{z2, Zi)E{z3, Zi) 



(C.25) 



Inserting this expression for the combination Ss{z2, zi)Ss{z3, z^) in lie, it is manifest that 
the first term on the rhs equals — /i5(w; zi, Z2, Z4, Z3), while the second term may be recast 
in the following form, using the explicit factorized expression for (p[S], 

Iiq{w] Zi, Z2, Z3, Zi) + Ii5{w; Zi, Z2, z^, Z3) (C.26) 

^ Zoe'-'-'''-' E{z2,Z3)E{z^,Zi) 

E{Z2, Zi)E{z3, Zi)^E{z3, zi)E{zi,w)^E{z2, w)2 

X Y.{K\S)mi<ll - (l2)mi^l + ^2 - 2w)mi^3 - Zi)mi^2 + Z3-Zi- Zi) 
5 

The 5-sum is carried out using the Riemann identities ()A.13jl . with the help of the following 

= ±{qi - A - k) - Z2 ~ Z3 + Zi + w 

C2 = ±iqi- A- k) - Zi + Z3- Zi + w 

C3 = ±{qi - A - k) + Z2~ w 

= ±{qi-A-K) + Zi-w (C.27) 

Clearly, the contributions from and (~ may be obtained from one another by simple 
interchange of qi and q2- Using the form for the Green function G given in (fOall and the 
relation ()C.19|) . we obtain (after ample simplifications of prime forms and a functions), 

heiw; zi, Z2, Z3, Zi) + h^{w] zi, Z2, Zi, Z3) (C.28) 
= -2ZQw{zx)w{z2)'(^{wfG{z3\ Zi, zi, qi,w)G{zi, Z3, Z2\ gi, w) 
-2ZQw{z{)w{z2)w{w fG{z3\ Zi, zi] q2, w)G{zi, Z3, Z2] q2, w) 

This equation will yield the expression for Jig of ()3.11|) . as soon as /15 will be known. The 
latter will be evaluated next. 
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C.6 Calculating the antisymmetric part 

Given the symmetry of lie under zi ^ (as well as under the interchange of 23 and 2:4), 
we can eliminate lie in relation ()C.28|) above and directly obtain the antisjTiimetric part 
Jj^, producing the second equation in ()3.1Up . 



C.7 Calculation of the symmetric part 



15 

S 



Recall the definition of /fg, expressed as a sum over 5, 

2/f5 = ^ 2:[5]S'5(gi,g2)</'[5](w; 2:1, 2;2)S'5(z3,2;4)<j 5*5(22, 2;3)5'5(^4,^i' 



The combination in braces may be recast using the Fay identity ()A.25|) and equals 

'd\5\{zx + Z2- Z2,- Z4)E{zi, Z2)E{Z3, Zj) 

t9[5](0)E(2;i, z^)E{zx, Z4)E{Z2, z^)E{z2, z^) 
Using also the explicit expression for we have 



(C.29) 



2jf = Zoe^-'^-'E{z,,Z2f ^^3Q^ 

E{zi, Z3)E{zi, Zi)E{z2, Z3)E{z2, Z4)E{zi,wyE{z2, wy 

5 

The last sum may be evaluated using the Riemann identities, with 





= ±{qi 


-A 




= Mqi 


-A 


ct 


= Hqi 


- A 




= ±(gi 


-A 




4 





(C.31) 

so that 

s = 2n^M(c+) +2n^M(c) = 2n^N(c+) + (^i ^ i^) icm 

i=l i=l 1=1 

Working out the first product, we have 
4 

l[^[K]{Ct) = e-^"*"'^"'+^™'('?^-'^) (C.33) 



i=l 



x{}{qi — A + Zi + Z2 — Z4^ — w)'d{qi — A + ^4 — ti?) 
X'i9(gi - A - zi - Z2 + Z'i + w)d{qi - A - + w) 
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The two -(^-function factors whose arguments are a sum of 6 terms may each be recast in 
terms of the Green function G using ()A.23|) . There are two different Green functions G 
that can enter: the one with zeros at w and gi, and the one with zeros at w and q2- To 
recast the above results in this form, we perform the following operations on the first two 
f^-f unctions in f)C.33|) . 

^{qi - A + zi + Z2- Zi-w) = 'd{q2 - A - - Z2 + + w) (C.34) 

X exp{47rm'(g2 — A — Zi — Z2 + Z4 + w — Qk')} 

and 

-A + z^-w)= d{q2 - A - + u;)e4'^*'^'(^2-A-.4+^-n«') 

Furthermore, we make use of the following rearrangement formula ()C.19|) to recast the 
product in the following final form in terms of the Green functions G, 

i=l i=l E[Zi,Z2) 

y,zu{zi)w{z2)w{wYG{z:i] zi, Z2\ gi, 'w)G{za;, ^i, Z2\ g2, w) 

Using this result for the product in the symmetrized expression for /15, and combining 
with the prefactor to S in ()C.30|) . we recover the expression for Jfg in ()3.10p . 
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D Proof of summation identities involving S6[^](Q) 

In this section, we prove the 5-summation identities for In, Jig, /19, I20 and I21, which all 
involve '^elS], introduced in |lj and studied there. We recall here the expression for Sgf^] 
in terms of i^-constants. Let 6 = ui + 1/2 + 1^3 the decomposition of 5 as a sum of three 
distinct odd spin structures z/i, z/2, z/3; then we have 

^e[5]= E n %. + i^, + ^.](Or (D.l) 

l<«<i<3 fe=4,5,6 

where the sum is over the remaining 3 mutually distinct odd spin structures. 
D.l The vanishing of /17, /ig, /19 

The vanishing of In is one of the fundamental identities established in jl] . It may also be 
expressed as follows, 

0=Y.(^lWn^) n ^[^^ + ^^n^ + ^^n](0)' (D.2) 

Differentiating with respect to an operation that we denote by du, we find 

= E ("iWm) E dlJ'^l^l + ^rn + ^^n](0)^ f] + + ^^p](0)' (D.3) 

Symmetrizing this equation in l,m,n, we recognize the result as the sum over all triples 
{l,m,n) of distinct l,m,n, which we may identity with the even spin structures 6 = ui + 
^m + ^n, of dij^[6] multiplied by the sum of three terms which precisely add up to be Eq[6]. 
Using now the heat equation for the t^-functions, we have 47ri(9/j'i9[5](0) = didj^[6]{0), 

J2Ee[6]m{0)%djmW = (D.4) 

Using the Fay identity ()A.27|) . this readily proves also that Jig = 0. To prove that also 
/i9 = 0, we notice that it is holomorphic in each Zi, i = 1,2, 3, since the poles in the Szego 
kernels have residues proportional to Jig, which vanishes. Thus, /19 must be of the form, 

Il9{zi,Z2,Z3) = E CiJKUJi{zi)uJj{z2)uJk{z3) (D.5) 
UK 

where Cjjk are independent of the Zi. From its definition, R3 is odd under the interchange 
of any two z^s, so Cjjk must accordingly be a completely antisymmetric object under the 
interchange of any two labels. Since I, J,K = 1,2 only, such object cannot exist, and 
hence /19 = 0. 
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D.2 Calculation of /20 

Recall that /20 is defined by 

ho{x, y; u, v)) = ^ E,[S] i}[Sm'Ss{x, yfSs{% vf (D.6) 
s 

It is convenient to evaluate /20 using the hyperelliptic realization of Riemann surfaces of 
genus 2. As usual, the hyperelliptic formulation leaves an overall sign to be determined, 
which we fix by studying the asymptotics in the 'j?-function formulation. Let the surface 
E be the Riemann surface of the function 



s 



2 



A spin structure 6 corresponds to the grouping of the 6 branch points {pj} into two sets 
A\J B, with A = {01,02,03} and B — {6i,62,&3}- In this realization, the holomorphic 
differentials u!i{z), the ■j?-constants, and the Szego kernel are given by 



where the matrix cr/j of change of bases of holomorphic differentials is defined by the 
equation given above, and we use the notation, 

saIxY = {x — ai){x — a2){x — 03) — — A^x'^ + A2X — A^ 

SB{xf = {x-hi){x-h2){x-h) ^x^ -Bix'^ + B2.x-B^ (D.9) 

First, we extract from the square of the Szego kernel the piece that is holomorphic and 
5-dependent, neglecting 5-independent pieces. We find, 

Ss{x, yf = -\ (xyA.B, - (x + y){A,B2 + i^i^) + ^2^2)4^4^ (D.IO) 
4 V / s{x) s[y) 

up to ^-independent terms. Next, we make the expression for S6[5]'i?[5](0)'' in terms of the 
hypereUiptic form exphcit. To do so, we first express it in terms of odd spin structures 
only, using S ^ Ui + 1^2 + u^, 

i<i<j<3 k^i,j 
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Hence, I20 may be recast in the following form, 

t[t,j] = l[^[u, + u, + Uk]{0'f (D.12) 

where S = Ui + uj + ui. To compute this, we express t[i,j] first in terms of hyperelliptic 
form with the help of the Thomae formulas, 

t[i,j] = so{deta)~^{pi-pj)^ Y[ (Pk - pdiPk - Pj) Yl i.Pk - Pif (D.13) 

k,l^{i,j} 

This formula is precise, up to an overall i, j-independent sign sq, which will be deter- 
mined later by considering asymptotics. Expressing Si{x,yY and Ss{u,vY in terms of 
hyperelliptic data with the help of ()D.10|) . and carrying out the sum over i < j, we find 

hoix, y; u, v) = Sq .,/..^ r \ f \ f \ f \ [{x - u){y - v) + [x - v)[y - u) p.l4 
4(det(j)** s\x)s\y)s[u)s\y) V / 

Converting the antisymmetric biholomorphic 1-form A to the hyperelliptic form as well, 

deter , ^ dxdy ,^ , 

A x, y) = -—{x- y ; p.l5 

we have 

/2o(x, y; u, v) = 47rSo(deta)-i° Hfe ' Pjf (^(^' ^) + ^(^' «)) (D-16) 

Using now again the Thomae formula, in the form 

(deta)i°v[/,o = n(p,-p^.)2 (D.17) 

we obtain /20 up to the sign sq. In the subsequent subsection, we shall show that Sq = —1; 
which leads to our final result, 

/2o(x, y; u, v) = -47r^^io (^A(x, u)A{y, v) + A(x, v)A{y, u)j (D.18) 
D.2.1 The sign sq from asymptotics 

The antisymmetrized expression l2o{x, y; u, v) — hoix, u; y, v) may be written in two ways; 
first, via ()D.18|) : second via its expression in terms of ■(^-f unctions. Omitting a common 
factor of A{x,v)A{y,u), the equality between these gives the following equation, 

127r^so^io = ES6['5]^[5](0)Met9,9j^[(5](0) (D.19) 
s 
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which will determine the sign sq. Note that detdidji^lS] (0) does not transform as a modular 
tensor, although its sum against S6[5]'i9[(5](0)^ does in view of lu = Jig = 0. 



In computing the proportionality coefficient between rhs and Ihs, we work in the sep- 
arating degeneration limit. Throughout, we shall use the notations and result of |3], 
specifically, section 5.1. The behavior of the modular form \l/io is given by 



10 



(D.20) 



It is of order r^, so we shall have to expand the rhs to order as well. The determinant 
is given by 

detdidj^[S]{0, Q) = 4n\dr^[5]f - 16'K^drAS]dr,^[S] (D.21) 
Using the expansions for the -i^-constants derived in its expansion to order is, 



/ii 

/i2 



n 2 



detdidji!} 



Hi 

1^2 



+ 127rV(aAM(ri)')'(a^i[H(r2)')' 
-27rV(9^i[/ii](ri)')'a¥i[/i2](r2)' 
-27r V (9^1 H (^2)')'5'^i N (ri)^ 

At the leading order, we have '^ISq] and 



Hi 

f^2 



(D.22) 



(D.23) 



Perform the sum over the first 9 even spin structures using the genus one Riemann relation, 
we find that the leading order term in ()D.22|1 indeed sums to 0. 

To determine the order terms asymptotics, we proceed as follows. In summing 
over the first 9 spin structures, the last two terms in (jD.22|l clearly sum to 0, and we 
shall henceforth drop them. Similarly, the 0(t^) terms proportional to dlnr]{Ti)^'^ and 
(91n?7(r2)^^ cancel by the same identity. Collecting the remaining terms, and using the 
asymptotics of T^-functions to order r^, we have 



E-6 



>l' 






2 

det didj'& 




.H2. 




./i2. 


.H2- 



(D.24) 



2'viriyMr2y' E (-"il^o)(^2ko) 



.1 + -T'd\nA[Hi]{ri)'d\nA[H2]{T2)' 



X 



-n'd^i [hi] {Tifd^i [h2] ir2r + 1271 d^i [hi] (riYd^i [H2] (r2 



2i 
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Combining the two products and cancelling the leading behavior, we are left to perform 
the following genus 1 sum, 



(D.25) 



Using the modular transformation laws of genus 1, it is readily established that U{t) has 
precisely the same transformation laws as ?7(r)^^. Comparing asymptotics as r — > ioo, we 
find U{t) — 47r^r7(r)^^. Carrying out these sums, we find 



' Hi' 






2 

detdidji!} 


' Hi' 


= -9 


-1^2. 




.1^2. 


.1^2. 





-9.2^VV^77(Ti)^^77(T2)^^ + 0(r*) 



(D.26) 



Ee[dio]mo?detdjdj^[dio] 



3 • 2''7r'T'vinrriiT2r + &ir') 



Adding these together and comparing with the asymptotic expansion of ^'lo, we find the 
sign So = -1- 



D.2.2 Calculation of hi 

Finally, it remains to compute I21, defined by, 

hi{zi, Z2, Z3, za) = E ^eff^] ^[S]{OySs{zi, Z2)Ss{z2, Z3)Ss{z3, Z4)Ss{z4, Zi). (D.27) 
s 

We shall relate I21 to I20, using the same reasoning that was used to relate I12 to In in ap- 
pendix §C.3.2. The quantity hiizi, Z2, Z3, Z4) is a holomorphic 1-form in each Zi, since the 
poles of the Szego kernels cancel in view of identity /19 = 0. Also, I21 is symmetric under 
the interchange of Zi and z^. In view of the one-to-one correspondence between holomor- 
phic 2-forms and symmetric biholomorphic 1-forms, l2i{zi, Z2, z^, Z4) may be completely 
reconstructed from l2i{z, Z2, z, Z4), which is given by 

hiiz, Z2, z, Zi) = hoiz, Z2\ z, Zi) = 47r^*ioA(2;, Z2)i^{z, Z4) (D.28) 

Finally, using the map u!^j{z)u!jj{w) u!i{z)uj{z) to reconstruct hiizi, Z2, z^, Z4) from 
hiiz, Z2, z, Z4), we have 

hiizi, Z2, Z3, Zi) = 4'!r^'i/iQe^'^e^^uj[i{zi)ujK}{z3)ujj{z2)ujL{z4:) 

= 27r^*io(A(^i,Z2)A(z3,^4) - A(^i,Z4)A(z2,-Z3))- (D.29) 

This completes the proof of the 21 5-summation identities. 
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